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1. Suppose that a, b, ¢ are positive real numbers, prove that

2
fe %y b e 32
Vaz+b2 V242 V2 +a? 2

2. If a,b, ¢ are nonnegative real numbers, no two of which are zero, then

a® b c? 2 2 2 2
e 2 + + +(a+b+c)” > 4(a” +b° +c7);
b+c¢c c+a a+bd

a? N b? N c? 3(a? + b* + %)
a+b b+c c+a” 2a+db+e)

3. For all reals a, b and ¢ prove that:
2
dla=b)a—c)> d*(a—b)(a—c) > <Z ala —b)(a — c)>
cyc cyc cyc

4. Let a, b and ¢ are non-negatives such that a + b + ¢ + ab + ac + bc = 6.
Prove that:
4(a+b+c)+ abec > 13

5. Let a, b and ¢ are non-negatives. Prove that:
(a®+b2—2c*)V/ ¢ + ab+(a*+c2—2b*) /b2 + ac+(b*+c*—2a)V/ a2 + be < 0

6. If a,b, c are nonnegative real numbers, then

° Za\/3a2—|—5(ab+bc+ca) >V2(a+b+c)?;

cyc
. Za\/2a(a+b—|—c)—|—3bcz (a+b+c)%

cyc

o Za\/5a2 +9bc + 11a(b+c) > 2(a + b+ c)>.

cyc
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7. If a,b, c are nonnegative real numbers, then

. Za\/2(a2+b2+02)+3bcz(a+b+c)2;

cyc
o Za\/4a2+5b02(a+b+c)2.
cyc

8. If a, b, c are nonnegative real numbers, then

° Za\/ab+2bc—|—ca22(ab+bc—|—ca);

cyc
o Za\/a2+4b2+4c22(a+b+c)2.
cyc

9. If a,b, c are nonnegative real numbers, then

Z Va(b+ ¢)(a? + be) > 2(ab + be + ca)

cyc

10. If a,b, c are positive real numbers such that ab + bc + ca = 3, then

o Z ala+b)(a+c)>6

cyc

e > Va(4a+5b)(4a+5c) > 27

cyc

11. If a, b, ¢ are nonnegative real numbers, then

. Za\/ (a+b)(a+c) > 2(ab+ be+ ca)

cyc

. Za\/(a+2b)(a+20) > 3(ab + be + ca)
cyc

. Za (a+ 3b)(a+ 3c) > 4(ab+ be + ca)
cyce

12. If a, b, ¢ are nonnegative real numbers, then

. Za\/ (2a +b)(2a +¢) > (a + b+ c)?

cyc
2
° Czy;a\/ (a+ b)( (1—1—6)25((1—|—b—&—0)2
o > a/(4a+5b)(da+5¢) > 3(a+b+c)?
cyc
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15.

16.

17.

18.

19.

20.

If a, b, ¢ are positive real numbers, then

. a® 4+ 03+ +abe+8>4(a+b+c);
o a® +b% + &+ 3abc +12 > 6(a + b +c);
° 4(a® 4+ b3 + ) + 15abc + 54 > 27(a + b + ¢).

If a,b, ¢ are positive real numbers, then

a b c

+ + <1
VA4aZ + 3ab+ 202 V4b2 +3bc + 22 V4 + 3ca + 2a2
a b c

+ + <1
VA4aZ + 2ab+ 302 VA2 +2bc + 32 VA + 2ca + 3a?
a b

+ + <1
V4a2 + ab+ 42 VAD2 + be + 4¢2 A2 + ca + 4a?

The last is a known inequality.

If a,b, ¢ are positive real numbers, then

a b ¢ b ¢ «a
1+ -4+ -4+=224/14+ -+ -+ -
b ¢ a a b ¢

Let x,y, z be real numbers such that x + y + z = 0. Find the maximum

value of vz oz ay
FE = ? + E ?
If a.b.c are distinct real numbers, then

ab be ca

CED AR CET N cr R S

+
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If a and b are nonnegative real numbers such that a + b = 2, then

° a®t’® + ab > 2;
° a®d’ + 3ab < 4;
° alb® + 2 > 3ab.
Let a,b,c,d and k be positive real numbers such that

1 1. 1 1
b d|-+-+-4+-5)=k
(a+b+c+ )(a+b+c+d>

Find the range of k such that any three of a, b, ¢, d are triangle side-lengths.
If a,b, ¢, d, e are positive real numbers such that a +b+c+d+e =5, then

a2 b2 2 4?2 e2 “5\a b ¢ d e



21. Let a, b and ¢ are non-negatives such that ab + ac 4+ bc = 3. Prove that:

a+b+c
a+b b+c c+

1
+ —abc < 2
a 2

22. Let a, b, ¢ and d are positive numbers such that a* + b* + ¢* + d* = 4.

Prove that:

a® b &l d3 4
ot — >
bc+cd+da+ab_

23. Let a > b > ¢ > 0 Prove that:
o (a=b)P+(b—-c)’+(c—a)®<0
o ) (5a°+1lab+5b*)(a—b)’ <0
cyc
24. Let a, b and c are positive numbers. Prove that:

a n b n c < 3
a?+bec b2+ac E+ab” 2Vabe

25. Let a, b and c are positive numbers. Prove that:

a+b \/b—|—c \/c—!—a 11(a4+b+c)
+ + > —15
\/ c a b \/ Vabce

26. Let a, b and ¢ are non-negative numbers. Prove that:

9a%b%c* + a*b* + a*c® + b*c? — 4(ab +ac+bc) +2(a+b+c) >0

27. Let a,b, c,d be nonnegative real numbers such that a > b > ¢ > d and
3(a® + b + 2+ d*) = (a+ b+ c+ d)% Prove that

° a < 3b;
° a < 4c;
. b<(2+V3)e

28. If a, b, ¢ are nonnegative real numbers, no two of which are zero, then

be ca ab a®? +b*+ ¢
+ - < ;

2a%2 4+bc 202 +ca  2c2+ab ~ ab+bc+ca
2bc 2ca 2ab a? 4+ b2+ 2

a2—|—2bc+b2+26a+02+2ab ab+4bc+ca —



29. Let ay,as,...,a, be real numbers such that

ai,ag, .. ap >n—1—+/1+m—-12 a+ay+..+a,=n.

Prove that
1 . 1 T 1 S
a?+1 di+1 az+17= 2"
30. Let a, b, c be nonnegative real numbers such that a + b+ ¢ = 3. For given

real p #% —2, find ¢ such that the inequality holds
1 n 1 n 1 < 3
a?+pat+q V2+pbtq E4petqgT L+ptg

With two equality cases.
Some particular cases:

1 1 1
a2+2a+15+b2+2b+15+62+2c+15

With equality for a =0 and b =c = %;

<

1
67
1 1 1

8a? + 8a + 65 + 8b% + 8b + 65 + 8c2 + 8¢+ 65
With equality for a = g and b=c= i;

<

1
27’
1 1 1

1
8aZ 8a10 82 819 B2 8193
With equality for a = % and b=c= %;

1 1 1 1
Sa? — 240+ 25 S0 _ 246125 82 _24c1 25 = 3
With equality for a = % and b=c= g;
[ ]
1 1 1 1
a2 —Sa+15 2 _8b+15 22 _8cil5 =3

With equality for a =3 and b = ¢ = 0.
31. If a, b, c are the side-lengths of a triangle, then
a*(b+ c) + be(b? + %) > a(b® + ).

32. Find the minimum value of £ > 0 such that

a b c
>
a2—|—kbc+b2+kca+02+kab* (1+k)a+b+c)’

for any positive a, b, c. See the nice case k = 8.

, —, is known.

1
c

S =

1
PS. Actually, this inequality, with a, b, ¢ replaced by —,
a
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If a, b, ¢, d are nonnegative real numbers such that

then

a+b+c+d=4,

Ifa>b>c¢>0, then

. a+b+c—3Vabe >

. 25
° a+b+c—3Vabe >

If a > b >0, then

If a,b € (0, 1], then

A+ +E+dE=7,

a®+ b+ 3+ d®<16.

ab~* <1+

64(a —b)?
~ 7(11a + 24b)’
(b—c)?
T 7(3b+11¢)
a—>b
N

ab—a + ba—b S 2.

If a, b, ¢ are positive real numbers such that a + b + ¢ = 3, then

Let z,y, z be positive real numbers belonging to the interval [a,b]. Find

a2b + b2%c + c2a +

24

> 9.

abe

the best M (which does not depend on z,y, z) such that

r+y+z<3MYryz.

Let a and b be nonnegative real numbers.

(a) If 2a® + b? = 2a + b, then 1 — ab >

a—>b

)

(b) If a® + b3 = 2, then 3(a* + b*) + 2a%b* < 8.

Let a, b and ¢ are non-negative numbers. Prove that:

a+b+c+Vab+ \Jac+ Vbe + Vabe

¢)(b+ c)abc

Let a, b, c and d are non-negative numbers such that abc+abd+acd+bed =

4. Prove that:
1

7

1

1

N \7/(a+b+c)(a+b)(a+

24

1 3

a+b+c+

a—|—b+d+

atc+d

thietd atbictd

7
< =
12
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Let a, b, c and d are positive numbers such that ab+ac+ad+bc+bd+cd = 6.

Prove that:

1 1 1
+ + + <
a+b+c+1 a+b+d+1 a+c+d+1 btc+d+1

Let > 0. Prove without calculus: (e” — 1) In(1 + z) > 2.

Let a, b and ¢ are positive numbers. Prove that:

3
a b+c+ 24/ abc >
b ¢ a a+bdb+c

For all reals a, b and ¢ such that z:(a2 + 5ab) > 0 prove that:

cyc
(a4 b+ ¢)% >36(a+b)(a+c)(b+c)abe
The equality holds also when a, b and ¢ are roots of the equation:

2% — 622 —62+9=0

Let a, b and ¢ are non-negative numbers such that ab+ ac + bc # 0. Prove

that:

(a+0b)? (b+c)? (c+a)?
a2+ 3ab+4b%2 b2 +3bc+4c2 2 + 3ca + 4a?

>3
-2

a, b and c¢ are real numbers such that a + b + ¢ = 3. Prove that:

1 1 1
(a+b)2+14+(b+0)2+14+ (c+a)?+14

<

| =

Let a, b and ¢ are real numbers such that a + b + ¢ = 1. Prove that:

a L b i c <g
a?+1 b2+1 c2+1710

Let a, b and ¢ are positive numbers such that 4abc = a+ b+ c+ 1. Prove

that: b2 2 2 2 b2 2
+c c“+a +a
+ +
a b c

> 2(a® + b + %)

Let a, b and ¢ are positive numbers. Prove that:

1 1 1 1 1 1
(a—|—b—|—c) <a+b+b) 21+2§/6(a2+b2+c2) (a2+b2+02
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Let a, b and ¢ are positive numbers. Prove that:

a?  b? 2 37(a? + b2 + %) — 19(ab + ac + be)
6(a+b+c)

Let a, b and ¢ are positive numbers such that abc = 1. Prove that

. . 1 1 1 1 1 1
3 3 3
a’+ b’ +c +4(a3—|—b3+c3>+48>7(a+b+6)<a+b+c>

Let a, b and ¢ are non-negative numbers such that ab+ ac+ bc = 3. Prove
that:

1 1 1 3
1+a?+1+bQ+1+c2 25

1 1 1
2+3a3+2—|—3b3+2+363 =

1 1 1
>
3+5a4+3—|—5b4+3+504 -

x| w o w

Let a, b and ¢ are non-negative numbers such that ab+ ac+ be # 0. Prove
that

a+b+e a b c a®+ b+

<
ab+ac+bc — b2+bc+02+a2+ac+02+a2+ab+b2 ~ a?b? + a?c? + b2c?

Let a, b and ¢ are non-negative numbers such that ab+ ac+ bc = 3. Prove

that
a+b+c S s/a?b+ b%c + c2a
3 - 3
a+b+c S 1/a3b+b3c+ cda
3 - 3

Let a, b and ¢ are non-negative numbers. Prove that

(@ + >+ >4(a—b)(b—c)(c—a)a+b+c)
Let a, b and ¢ are non-negative numbers. Prove that:
(a+b4c)® >128(ab® + a°c® + b°a® + b°c® + Pa® + °b)
Let a, b and ¢ are positive numbers. Prove that

a? — be b2 — ac 2 —ab

>
3a+b+c+3b+a—|—c+3c+a+b -

a® — bed

It seems that Z m
a C

cyc

> 0 is true too for positive a, b, ¢ and d.
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Let a, b and ¢ are non-negative numbers such that ab+ ac+ bc = 3. Prove

that:
° a® +b% + ¢ + 3abe > 6

) a* +b* + ¢t + 15abe > 18
Let a, b and ¢ are positive numbers such that abc = 1. Prove that
a’b+b*c+c*a > \/3(a? + b2 + c2)

Let a, b and ¢ are non-negative numbers such that ab+ ac+ bc # 0. Prove
that:

1 1 1 81
>
a3 + 3abc + b3 Jrai)’—l—SOLbc—i—c?’ Jrb?’—l—3abc—&—c3 ~ 5(a+b+c¢)3

Let m,, mp and m, are medians of triangle with sides lengths a, b and c.
Prove that

3
me +mp +me > 5\/2(ab+ac+bc)fa27b2702

Let a, b and ¢ are positive numbers. Prove that:

a+b+c a? n b2 n 2
9abe — 4a? 4+ 5bc  4b%2 +5ca  4c? + Sab

Let {a,b,c,d} C [1,2]. Prove that
16(a® + b)) (6% + ) (c? + d*)(d* + a®) < 25(ac + bd)*

Let a, b and ¢ are positive numbers. Prove that

Z\/m< 10(a2+b2—|—c2)—ab—ac—bc

3la+b+c)

cyc

Let a, b and ¢ are non-negative numbers. Prove that:

> V2(a® +8%) > 59 (a+0b)3

cyc cyc

Let a, b and ¢ are positive numbers. Prove that:

a b c>\/15(a2+b2—|—c2)
ab + bc + ca

Let a, b, ¢, d and e are non-negative numbers. Prove that

128 125
((a+b)<b+c>(c;2d><d+e><e+a)) ><a+b+g+d+e) (abede)%
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Let a, b and ¢ are positive numbers. Prove that

a’b + a%c+ b2a + b2c+

ca+b>6 —m-—
ab + ac + be

a? + b2+ g
> abe

Let a, b and ¢ are non-negative numbers such that a3 + b3 + ¢ = 3. prove

that
(a4 b*c*)(b+

a202)(c + a2b2) > 8a2b%c?

Given real different numbers a, b and ¢. Prove that:

(a® +b* +c® —ab— bc — ca)?

(a=b)(b—c)(c—a)

1 1 1
<<a_b)3+<b_c>3+<c_a>3

Let x # 1, y # 1 and « # 1 such that xyz = 1. Prove that:

J)Z

y2 22

@1 (1)

When does the equality occur?

+ >1
(z—1)°

405
<
- 16

Let a, b, and ¢ are non-negative numbers such that a + b+ ¢ = 3. Prove

that:

a® + b+ +6>3(a®+ b+ cP)

a>1,b>1and c> 1. Find the minimal value of the expression:

a3

b3 c?

a+b—2+b+c—2+c+a—2

For all non-negative a, b and ¢

prove that:

(ab—c*)(a+b—c)*+ (ac —b*)(a+c—b)*+ (be —a®)(b+c—a)* >0

Let a, b, ¢ and d are positive numbers such that a* + b* + ¢* + d* = 4.

Prove that

REMARK. This inequality is not true for the condition a®+b°+c®+d°® = 4.

1
Let a, b and ¢ are positive numbers such that — +
a

that
1

1
NG
1 1

a+b

3
< —
a+c+b+c*2

1

VARG

= 3. Prove

Let a, b and ¢ are positive numbers such that abc = 1. Prove that:

(a+b+c)3>63(

1 1 1

5a3—|—2+5b3+3+5c3—|—2

10

)



79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

ab + ac + be

Let a, b and ¢ are positive numbers such that max{ab, be, ca} < 5

and a 4+ b+ ¢ = 3. Prove that
a? + b2+ 2 > a?b® + b’P + Fad?
Let a, b and ¢ are positive numbers such that a + b + ¢ = 3. Prove that:

a? n b? L c? >§
3a+b2 3b+c?2 3c+a?2 " 4

Let a, b and ¢ are non-negative numbers and k > 2. Prove that

o \/2a% + 5ab + 2b% + /242 + 5ac + 22 + /202 + 5be + 2¢2 < 3(a + b + ¢);

o > Va2+kab+b* < \/A(a? + b2+ ¢?) + (3k + 2)(ab + ac + be).

cyc
Let z, y and z are non-negative numbers such that x2 4+ y2? + 2% = 3. Prove

that: " Y .
+ + <V3
V2 +y+z Vrt+yitz oyt 22

Let a, b and ¢ are non-negative numbers such that a + b+ ¢ = 3. Prove
that

a+b a+c b+c>§
ab+9 ac+9 bc+9 5

If x,y, z be positive reals, then

T_ LY Lz > </27(yz + zx + zy)
Vet+y Jy+tz Vztzx 4
For positive numbers a, b, ¢, d, e, f and g prove that:

a+b+c+d c+d+e+ f e+ f+a+b
a+b+ct+d+f+g ct+dtet+f+b+g e+ ftatbt+d+yg

Let a, b and ¢ are non-negative numbers. Prove that:

av/4a? + 562 + b\/4b2 + 5¢2 + c/4c2 + 502 > (a + b+ ¢)?

Let a, b and ¢ are positive numbers. Prove that:

b ¢ (4V2—3)(ab+ ac+ be) W

a
pteta™ 240+ 2

Let a, b and ¢ are non-negative numbers such, that a* +b* 4 c¢* = 3. Prove
that:
a®b+bPc+cPa <3

11
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Let a and b are positive numbers, n € N. Prove that:
(n+1)(@" ™+ ") > (a+b)(a" +a" o+ -+ b7)

Find the maximal «, for which the following inequality holds for all non-
negative a, b and ¢ such that a + b+ ¢ = 4.

b+ bic+ Ea + aabe < 27

Let a, b and ¢ are non-negative numbers. Prove that

ofa® b9 + 1{)/(110_’_b10 1{/a10+010 1§/blo_kcm
> - -
3\/ 3 . 2 N 2 M 2

Let a and b are positive numbers and 2 — V3 < k < 2+ +/3. Prove that

1 1 4
(\/;H\/E) <¢a+kb+\/b+ka) = Vi+k

Let a, b and ¢ are nonnegative numbers, no two of which are zeros. Prove
that:

o b +_C 3(a+b+c)
2+c2 a?2+4+c¢2 a?2402 T a2+b2+c2+ab+ac+be

Let x, y and z are positive numbers such that xy + zz + yz = 1. Prove
that
23 . Y . 53 - (z+y+2)3
1—4y2zz 1 —422yx 1 —4a2yz — 5 '

Let a, b and ¢ are positive numbers such that a%+4 % + ¢ = 3. Prove that:

2 g2 2
(ab + ac + be) <ZQ+02+22> >9.

Let a, b and ¢ are positive numbers. Prove that

5 a n s/ b L c -1
2b 4 25¢ 2c + 25a 2a+25b —

Let a, b and c are sides lengths of triangle. Prove that

(a+b)(a+c)(b+¢) < (2a+b)(2b+¢)(2c+ a)
8 - 27

Let a, b and ¢ are non-negative numbers. Prove that

i/(Za—&—b)(Qb—l—c)(Qc—i—a) S \/ab+ac+bc
27 - 3 ’

12



99. Let a, b and c are positive numbers. Prove that

a3 b3 c3
>1
b:”—i—(c—i—a)?’+ c3+(a—|—b)3+ ad+(b+c) —

100. Let x, y and z are non-negative numbers such that zy+2xz+yz = 9. Prove
that

(1+2%) (1 +y*) (1 + 2?) > 64.

13



