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I’'ve written the source of the problems beside their numbers. If you need
solutions, visit AoPS Resources Page, select the competition, select the year
and go to the link of the problem. All (except very few) of these problems have
been posted by Orlando Doehring (orl).
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1 Problems

1.1 IMO Problems
1. (IMO 1974, Day 1, Problem 3) Prove that for any n natural, the number

z”: (2n+ 1>23k
= \2k +1

cannot be divided by 5.

2. (IMO 1974, Day 2, Problem 3) Let P(z) be a polynomial with integer
coefficients. We denote deg(P) its degree which is > 1. Let n(P) be the number
of all the integers k for which we have (P(k))? = 1. Prove that n(P) —deg(P) <
2.

3. (IMO 1975, Day 1, Problem 2) Let ay,...,a, be an infinite sequence of
strictly positive integers, so that ar < ap4+1 for any k. Prove that there exists
an infinity of terms a,,, which can be written like a,, =z -ap + vy - a, with z,y
strictly positive integers and p # q.

*email: ahpwsog@gmail.com, blog: http://math-olympiad.blogsky.com.



4. (IMO 1976, Day 2, Problem 4) Determine the greatest number, who is
the product of some positive integers, and the sum of these numbers is 1976.

5. (IMO 1977, Day 1, Problem 3) Let n be a given number greater than 2.
We consider the set V,, of all the integers of the form 1+ kn with k =1,2,... A
number m from V,, is called indecomposable in V,, if there are not two numbers
p and ¢ from V,, so that m = pq. Prove that there exist a number r € V,, that
can be expressed as the product of elements indecomposable in V,, in more than
one way. (Expressions which differ only in order of the elements of V,, will be
considered the same.)

6. (IMO 1977, Day 2, Problem 5) Let a,b be two natural numbers. When
we divide a® +b2 by a+b, we the the remainder r and the quotient g. Determine
all pairs (a,b) for which ¢* +r = 1977.

7. (IMO 1978, Day 1, Problem 1) Let m and n be positive integers such
that 1 < m < n. In their decimal representations, the last three digits of 1978™
are equal, respectively, so the last three digits of 1978™. Find m and n such
that m + n has its least value.

8. (IMO 1979, Day 1, Problem 1) If p and ¢ are natural numbers so that

1 1 1
+_

1 1
Po1-2 b ——
s 3 g7 1318 | 1319’

prove that p is divisible with 1979.

9. (IMO 1980 Finland, Problem 3) Prove that the equation
l_n + 1 _ ynJrl7

where n is a positive integer not smaller then 2, has no positive integer solutions
in x and y for which = and n + 1 are relatively prime.

10. (IMO 1980 Luxembourg, Problem 3) Let p be a prime number. Prove
that there is no number divisible by p in the n — th row of Pascal’s triangle if
and only if n can be represented in the form n = p°q — 1, where s and ¢ are
integers with s > 0,0 < g < p.

11. (IMO 1981, Day 1, Problem 3) Determine the maximum value of
m? +n?, where m and n are integers in the range 1,2,...,1981 satisfying (n? —
mn —m?)? = 1.

12. (IMO 1982, Day 2, Problem 4) Prove that if n is a positive integer
such that the equation

=3z +y =n
has a solution in integers x,y, then it has at least three such solutions. Show
that the equation has no solutions in integers for n = 2891.



13. (IMO 1984, Day 1, Problem 2) Find one pair of positive integers a, b
such that ab(a +b) is not divisible by 7, but (a+b)" —a” — b7 is divisible by 77.
14. (IMO 1985, Day 1, Problem 2) Let n and k be relatively prime positive
integers with k& < n. Each number in the set M = {1,2,3,...,n — 1} is colored
either blue or white. For each ¢ in M, both 7 and n — i have the same color. For
each i # k in M both ¢ and |i — k| have the same color. Prove that all numbers
in M must have the same color.

15. (IMO 1986, Day 1, Problem 1) Let d be any positive integer not equal
to 2,5 or 13. Show that one can find distinct a,b in the set {2,5,13,d} such
that ab — 1 is not a perfect square.

16. (IMO 1988, Day 2, Problem 6) Let a and b be two positive integers
such that a - b+ 1 divides a2 + b2. Show that £+ is a perfect square.

a-b+1
17. (IMO 1990, Day 1, Problem 3) Determine all integers n > 1 such that
2" +1
n2

is an integer.
18. (IMO 1991, Day 1, Problem 2) Let n > 6 be an integer and ay, as, -+ , a
be all the natural numbers less than n and relatively prime to n. If
az —ay =agz—ag= -+ =ag —ag_1 > 0,
prove that n must be either a prime number or a power of 2.
19. (IMO 1992, Day 2, Problem 6) For each positive integer n, S(n)

is defined to be the greatest integer such that, for every positive integer k <
S(n), n? can be written as the sum of k positive squares.

e a) Prove that S(n) < n? — 14 for each n > 4.

e b) Find an integer n such that S(n) =n? — 14.

e ¢) Prove that there are infintely many integers n such that S(n) = n?—14.

20. (IMO 1996, Problem 4, Day 2) The positive integers a and b are such
that the numbers 15a + 16b and 16a — 15b are both squares of positive integers.
What is the least possible value that can be taken on by the smaller of these
two squares?

21. (IMO 1996, Problem 6, Day 2) Let p,q,n be three positive integers
with p+ ¢ < n. Let (xg,21, -+ ,x,) be an (n 4+ 1)-tuple of integers satisfying
the following conditions :

e (a) zop =z, =0, and
e (b) For each ¢ with 1 <14 <mn, either z; — x;_1 =por z; — 2,1 = —q.
Show that there exist indices i < j with (¢,7) # (0, n), such that x; = ;.

22. (IMO 2007, Day 2, Problem 5) Let a and b be positive integers. Show
that if 4ab — 1 divides (4a? — 1), then a = b.



1.2 ISL and ILL Problems

23. (IMO LongList 1959-1966 Problem 34) Find all pairs of positive in-
tegers (x,y) satisfying the equation 2% = 3¥ + 5.

24. (IMO LongList 1967, Great Britain Problem 1) Let k,m,n be natu-
ral numbers such that m+k+ 1 is a prime greater than n+1. Let ¢ = s(s+1).
Prove that

(em+1 — ck)(Cma2 — &) - - - (Cmgn — Ck)

is divisible by the product cics ... c,.

25. (IMO Longlist 1967, Poland 4) Does there exist an integer such that
its cube is equal to 3n? 4+ 3n + 7, where n is an integer.

26. (IMO LongList 1988, South Korea 3, Problem 64 of ILL) Find all
positive integers x such that the product of all digits of x is given by 22 — 10 -
x — 22.

27. (IMO Longlist 1989, Problem 19) Let aq,...,a, be distinct positive
integers that do not contain a 9 in their decimal representations. Prove that
the following inequality holds

n
1
— < 30.
: a;
=1

28. (IMO Longlist 1989, Problem 24) Let a, b, ¢, d be positive integers such
that ab = ¢d and a + b = ¢ — d. Prove that there exists a right-angled triangle
the measure of whose sides (in some unit) are integers and whose area measure
is ab square units.

29. (IMO Longlist 1989, Problem 31) Let n be a positive integer. Show

that n
(vV2+1)" = v+ vim=1

for some positive integer m.

30. (IMO Shortlist 1988, Problem 7) Let a be the greatest positive root of
the equation 2% —3-22+1 = 0. Show that [a1788] and [al%s] are both divisible
by 17. Here [x] denotes the integer part of .

31. (IMO Shortlist 1989, Problem 11) Define sequence (a,) by _;,, @a =
2". Show that n|a,.

32. (IMO Shortlist 1989, Problem 15) Let a,b,c,d, m,n € Z" such that
a® + 0% + ¢ + d* = 1989,
a+b+c+d=m?

and the largest of a, b, ¢, d is n?. Determine, with proof, the values of m and n.



33. (IMO ShortList 1990, Problem 7) Let f(0) = f(1) =0 and
Fn+2) =42 f(n+1)— 16" f(n) +n-2"°, n=0,1,2,...
Show that the numbers f(1989), £(1990), f(1991) are divisible by 13.

34. (IMO ShortList 1990, Problem 13) An eccentric mathematician has a
ladder with n rungs that he always ascends and descends in the following way:
When he ascends, each step he takes covers a rungs of the ladder, and when he
descends, each step he takes covers b rungs of the ladder, where a and b are fixed
positive integers. By a sequence of ascending and descending steps he can climb
from ground level to the top rung of the ladder and come back down to ground
level again. Find, with proof, the minimum value of n, expressed in terms of a
and b.

35. (IMO ShortList 1990, Problem 21) Let n be a composite natural
number and p a proper divisor of n. Find the binary representation of the
smallest natural number N such that
(L+2P 42" P)N —1
2n

is an integer.

36. (IMO ShortList 1991, Problem 14) Let a, b, ¢ be integers and p an odd
prime number. Prove that if f(z) = a2? + bz + ¢ is a perfect square for 2p — 1
consecutive integer values of x, then p divides b% — 4ac.

37. (IMO ShortList 1991, Problem 18) Find the highest degree k of 1991
for which 1991% divides the number

19901991 | 19991991™**°

38. (IMO Shortlist 1993, Romania 2) Let a, b, n be positive integers, b > 1
and "™ —1|a. Show that the representation of the number a in the base b contains
at least n digits different from zero.

39. (IMO Shortlist 1995, Number Theory Problem 2) Let Z denote the
set of all integers. Prove that for any integers A and B, one can find an integer
C for which My = {22+ Az + B:x € Z} and My = 22>+ 22+ C :x € Z do
not intersect.

40. (IMO Shortlist 1995, Number Theory Problem 8) Let p be an odd
prime. Determine positive integers 2 and y for which z <y and /2p— vz —/y
is non-negative and as small as possible.

41. (IMO Shortlist 1996, Number Theory Problem 1) Four integers are
marked on a circle. On each step we simultaneously replace each number by
the difference between this number and next number on the circle, moving in
a clockwise direction; that is, the numbers a, b, c,d are replaced by a — b,b —
¢,c —d,d — a. Is it possible after 1996 such to have numbers a, b, ¢, d such the
numbers |bc — ad|, |ac — bd|, |ab — cd| are primes?



42. (IMO Shortlist 1996, Number Theory Problem 4) Find all positive
integers a and b for which

5] 2] 252

43. (IMO Shortlist 1996, Number Theory Problem 5) Show that there
exists a bijective function f : Ny — Ny such that for all m,n € Ny:

fBmn+m+n)=4f(m)f(n)+ f(m) + f(n).

44. (IMO Shortlist 1997, Number Theory Problem 6) Let a,b,c be
positive integers such that a and b are relatively prime and c is relatively prime
either to a or b. Prove that there exist infinitely many triples (x,y, z) of distinct
positive integers such that

ma_’_yb — 5C.

45. (IMO ShortList 1998, Number Theory Problem 1) Determine all
pairs (z,y) of positive integers such that 2%y + z + y is divisible by xy? +y + 7.

46. (IMO ShortList 1998, Number Theory Problem 2) Determine all
pairs (a,b) of real numbers such that a|bn| = blan] for all positive integers n.
(Note that |z| denotes the greatest integer less than or equal to z.)

47. (IMO ShortList 1998, Number Theory Problem 5) Determine all
positive integers n for which there exists an integer m such that 2™ —1 is a
divisor of m? + 9.

48. (IMO ShortList 1998, Number Theory Problem 6) For any positive
integer n, let 7(n) denote the number of its positive divisors (including 1 and
itself). Determine all positive integers m for which there exists a positive integer

n such that TT((T;:)) =

49. (IMO ShortList 1999, Number Theory Problem 1) Find all the pairs
of positive integers (x,p) such that p is a prime, x < 2p and 2P~! is a divisor of
(p— 1) +1.

50. (IMO ShortList 1999, Number Theory Problem 2) Prove that every
3 b3

P where a,b,c,d
c

positive rational number can be represented in the form

are positive integers.

51. (IMO Shortlist 2000, Number Theory Problem 2) For every positive
integers n let d(n) the number of all positive integers of n. Determine all positive
integers n with the property: d®(n) = 4n.

52. (IMO Shortlist 2000, Number Theory Problem 5) Prove that there
exist infinitely many positive integers n such that p = nr, where p and r are
respectively the semiperimeter and the inradius of a triangle with integer side
lengths.



53. (IMO Shortlist 2000, Number Theory Problem 6) Show that the
set of positive integers that cannot be represented as a sum of distinct perfect
squares is finite.

54. (IMO ShortList 2001, Number Theory Problem 3) Let a; = 11!}, ay =
1212 a3 = 1313 and a,, = |an_1 —an_2|+|an_2—an_3],n > 4. Determine a414.

55. (IMO ShortList 2001, Number Theory Problem 4) Let p > 5 be a
prime number. Prove that there exists an integer a with 1 < a < p — 2 such
that neither a?~! — 1 nor (a + 1)P~! — 1 is divisible by p?.

56. (IMO ShortList 2002, Number Theory Problem 2) Let n > 2 be
a positive integer, with divisors 1 = d; < d2 < ... < dx = n. Prove that
didy + dads + ... + di_1dy is always less than n?, and determine when it is a
divisor of n?.

57. (IMO ShortList 2002, Number Theory Problem 3) Let p1,pa,...,pn
be distinct primes greater than 3. Show that 2P1P2-P» 41 has at least 4™ divisors.

58. (IMO Shortlist 2004, Number Theory Problem 6) Given an integer
n > 1, denote by P,, the product of all positive integers = less than n and such
that n divides 2 — 1. For each n > 1, find the remainder of P, on division by
n.

59. (IMO Shortlist 2004, Number Theory Problem 7) Let p be an odd
prime and n a positive integer. In the coordinate plane, eight distinct points
with integer coordinates lie on a circle with diameter of length p™. Prove that
there exists a triangle with vertices at three of the given points such that the
squares of its side lengths are integers divisible by p™*!.

60. (IMO Shortlist 2007, Number Theory Problem 2) Let b,n > 1 be
integers. Suppose that for each k > 1 there exists an integer ay such that b—aj
is divisible by k. Prove that b = A™ for some integer A.

61. (IMO Shortlist 2007, Number Theory Problem 3) Let X be a set
of 10,000 integers, none of them is divisible by 47. Prove that there exists a
2007-element subset Y of X such that a — b+ c¢— d+ e is not divisible by 47 for
any a,b,c,d,e €Y.

62. (IMO Shortlist 2007, Number Theory Problem 4) For every integer
k > 2, prove that 23* divides the number

(a)-(5)

63. (IMO Shortlist 2007, Number Theory Problem 5) Find all surjective
functions f : N +— N such that for every m,n € N and every prime p, the number
f(m +n) is divisible by p if and only if f(m) + f(n) is divisible by p.

but 23%+1 does not.



1.3 Other Competitions
1.3.1 China IMO Team Selection Test Problems

64. (China TST 1987, Problem 5) Find all positive integer n such that the

equation z3 + 3 + 23 = n - 22 - y? - 22 has positive integer solutions.

65. (China TST 1988, Problem 5) Let f(xz) = 3z + 2. Prove that there
exists m € N such that £1%0(m) is divisible by 1988.

66. (China TST 1993, Problem 4) Find all integer solutions to 2-z%+1 = y2.

67. (China TST 1995, Problem 1) Find the smallest prime number p that
cannot be represented in the form |3¢ — 2°|, where a and b are non-negative
integers.

68. (China TST 1998, Problem 6) For any h = 2" (r is a non-negative
integer), find all k¥ € N which satisfy the following condition: There exists an

mh—1

odd natural number m > 1 and n € N, such that k | m" —1,m |n" % +1.

69. (China TST 1999, Problem 2) Find all prime numbers p which satisfy
the following condition: For any prime ¢ < p, if p = kg + 7,0 < r < g, there
does not exist an integer ¢ > 1 such that a® | r.

70. (China TST 2004, Day 1, Problem 2) Let u be a fixed positive integer.
Prove that the equation n! = u® — u” has a finite number of solutions (n, a, 3).
1.3.2 Other Problems

71. (Germany Bundeswettbewerb 2003, Day 1, Problem 2) Find all
triples (z, y, z) of integers satisfying the following system of equations:

z® — 422 — 162 + 60 = v;
y? — 4y® — 16y + 60 = z;
2% — 422 — 162 + 60 = x.

72. (Germany Bundeswettbewerb 2003, Day 1, Problem 4) Determine
all positive integers which cannot be represented as { + Z_H with a,b being
positive integers.

73. (Germany Bundeswettbewerb 2003, Day 2, Problem 2) The se-
quence {aj,as,...} is recursively defined by a1 =1, ag =1, ag = 2, and

1
An43 = . (an+1an+2 + 7)7 Vn>0.

n
Prove that all elements of the sequence are integers.
74. (Germany Bundeswettbewerb Mathematik 2007, Round 2, Prob-

lem 1) For which numbers n is there a positive integer k& with the following
property: The sum of digits for k is n and the number k2 has sum of digits n?.



75. (Germany Bundeswettbewerb Mathematik 2008, Round 2, Prob-

lem 2) Let the positive integers a, b, ¢ chosen such that the quotients %, Cﬁfa

and aa—_’f’b are integers. Prove that a, b, c have a common divisor greater than 1.

76. (German TST 2009, Exam 3, Problem 2) Let (ay,), .y defined by

a; =1, and a,+1 = a} —ad + 2a2 + 1 for n > 1. Show that there is an infinite

number of primes p such that none of the a, is divisible by p.

77. (France 1999, Problem 2) Find all positive integers n such that (n +
3)n _ 2 En

k=3 K"
78. (All Russian Olympiads 2004, Problem 9.5) Are there such pairwise

distinct natural numbers m,n, p, q satisfying m +n = p+ ¢ and /m + ¥/n =
VB4 /G > 2004 7

79. (All Russian Olympiads 2005, Problem 10.1) Find the least positive

. . a_gb -,
integer, which may not be represented as 2—22d, where a, b, ¢, d are positive

2C —
integers.

80. (All Russian Olympiads 2005, Problem 10.7) Positive integers z > 1
and y satisfy an equation 222 — 1 = y!°. Prove that 5 divides .

81. (Vietnam TST 1992, Problem 1) Let two natural number n > 1 and
m be given. Find the least positive integer k which has the following property:
Among k arbitrary integers a1, as, . .., a) satisfying the condition a; —a; (1 <
i < j < k) is not divided by n, there exist two numbers a,, as (p # s) such that
m + ap, — a, is divided by n.

82. (Vietnam TST 1992, Problem 5) Find all pair of positive integers (z, y)
satisfying the equation

2+’ —5-2-y+5=0.

83. (Vietnam TST 1998, Problem 4) Find all integer polynomials P(x),
the highest coefficent is 1 such that: there exist infinitely irrational numbers a
such that p(a) is a positive integer.

84. (Vietnam TST 2003, Problem 6) Let n be a positive integer. Prove
that the number 2™ + 1 has no prime divisor of the form 8-k — 1, where k is a
positive integer.

85. (VietNam TST 2005, Problem 5) Let p be a prime. Calcute:

. S:ZE [2_1122}*2[%2} if p=1 mod 4,

p—1 27 .
o T'=3",2, {%} if p=1 mod 8.
86. (Leningrad Mathematical Olympiads Elimination Round 2004)

od a
Let a,b,c,d > 1 natural numbers which satisfy o = d®" . Prove that a = d
and b = c.



87. (China Mathematical Olympiad 2005 Final Round, Problem 6)
Find all nonnegative integer solutions (z,y, z,w) of the equation

2%.3Y —5%. 7" = 1.

88. (China Girls Math Olympiad 2008, Problem 8) For positive integers
n, fn = |2"v2008] + |2"/2009]. Prove there are infinitely many odd numbers
and infinitely many even numbers in the sequence fi, fa,.. ..

89. (China West Mathematical Olympiad 2001, Problem 3) Let n,m
be positive integers of different parity, and n > m. Find all integers = such that

27 .
;2—711 is a perfect square.

90. (Austria-Poland 2004, Problem 4) Determine all n € N for which
nl% +n’ 4 1 is prime.

91. (APMO 2006, Problem 1) Let n be a positive integer. Find the largest
nonnegative real number f(n) (depending on n) with the following property:
whenever a4, as, ..., a, are real numbers such that a; +as+- - - +a, is an integer,
there exists some ¢ such that |ai — %‘ > f(n).

92. (USAMO 2006, Problem 1) Let p be a prime number and let s be an
integer with 0 < s < p. Prove that there exist integers m and n with 0 < m <

n < p and
sm sn S
SR
p p p

if and only if s is not a divisor of p — 1.
Note: For x a real number, let |2| denote the greatest integer less than or equal
to x, and let {x} = = — [z denote the fractional part of x.

93. (USAMUO 2006, Problem 5) A mathematical frog jumps along the num-
ber line. The frog starts at 1, and jumps according to the following rule: if the
frog is at integer n, then it can jump either to n + 1 or to n + 2™»*! where
2™n ig the largest power of 2 that is a factor of n. Show that if £ > 2 is a posi-
tive integer and 7 is a nonnegative integer, then the minimum number of jumps
needed to reach 2%k is greater than the minimum number of jumps needed to
reach 2.

94. (USA TST 2008, Day 2, Problem 4) Prove that for no integer n is
n’ + 7 a perfect square.

95. (Tuymaada 2008, Junior League, Second Day, Problem 8) 250
numbers are chosen among positive integers not exceeding 501. Prove that
for every integer t there are four chosen numbers a;, a2, as, a4, such that
a1 + ag + as + a4 — t is divisible by 23.

96. (Vietnam Mathematical Olympiad 2008, Problem 3) Let m =
20072098 how many natural numbers n are there such that n < m and n(2n +
1)(5n + 2) is divisible by m (which means that m | n(2n + 1)(5n + 2)) ?
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97. (MEMO 2008, Problem 4) Determine that all k € Z such that Vn the
numbers 4n + 1 and kn + 1 have no common divisor.

98. (Zhautykov Olympiad 2005, Problem 6) Find all prime numbers p, ¢ <
2005 such that g|p? + 8 and plg® + 8.

99. (Tournament of Towns Spring 2003, Junior O-Level, Problem 4)
Each term of a sequence of positive integers is obtained from the previous term
by adding to it its largest digit. What is the maximal number of successive odd
terms in such a sequence?

100. e (a) Let n be a positive integer. Prove that there exist distinct posi-
tive integers x, ¥y, z such that

xnfl + yn _ ZnJrl.
e (b) Let a,b,c be positive integers such that a and b are relatively prime

and c is relatively prime either to a or to b. Prove that there exist infinitely
many triples (x,y, z) of distinct positive integers x,y, z such that

Za+yb:ZC.
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