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PART 1: SINGLE VARIABLE FUNCTIONS

1. Evaluate the limit i ST L Do ot use L'Hopital’s Rule.)
imi 1m . .
valuate the i 10 0 not use opital’s Rule
Solution:
. 4-V3z+1 (4-V3zx+1)(4+/3x+1)
lim = lim
i3 22— Tx+ 10 a5 (22 =Tz +10)(4+3x +1)
~ 16-(3z+1)
$*5 (22 -T2z +10)(4+3x+1)
~ 15 -3z
x—’5 (z-5)(x-2)(4++v3x+1)
~ 3(5-x)
f—’5 (z-5)(x-2)(4+V3zx+1)
-3
= lim
=5 (x-2)(4+V3x+1)
-3
C(5-2)(4+V3-5+1)
_ =3
3-8
1
-8
m
Remark: “=" is the most frequently used verb in mathematics. It was introduced in 1557 by

Robert Recorde “to avoid the tedious repetition of the words ‘is equal to’.” It is important to
use the equal sign correctly.

e 'To introduce “ 7, the phantom equal sign, to avoid the tedious repetition of the symbol
“="is not a good idea. The solution above should not go like:

. 4-V3r+1 (4 V3r+1)(4+vV3x+1)
lim —————
e=5 12 - Tr + 10 1*5(932 Tz +10)(4+ 3z +1)
i 15-3x
£ (z-5)(x-2)4+V3x+1)
3(5-1)

lim
1*5(26 5)(z -2)(4+/3z +1)



e One must also not use other symbols, which have completely different meanings, in place
of “=". The solution above should not go like:

iy A= V3 + 1 (4 V3z+1)(4+V3x +1)
v=5 2 = T + 10 x—’5(a:2 7o +10)(4 + 3z + 1)
15 -3z
m—’5 (z-5)(z-2)(4+/3z+1)
_ 3(5- )
v (z-5)(x-2)(4+3z+1)

e The equal sign always stands between two things, although sometimes one of these things
are at the end of the previous line or at the beginning of the next line. The solution above
should not start like:

- V3z +1)(4+ 3z + 1)
= lim (22 -T2 +10)(4+/3z + 1)

4-/3rx+1)4+V3x+1
This begs the question: What is equal to lim ( vr DA+ Vir+ ) ?
@5 (22 =Tr+10)(4+V3x + 1)

e The equal sign can be used between two functions when we deal with ¢dentities, like

x?2-1
=r+1 I 1
1 =% for all x#

or when we deal with equations, like

Find all x such that x? = 4.
Therefore we can not just drop some of the limit signs in the solution above to make it
look like:

lim -V3r+1 (4-V3rx+1)(4+\3x+1)
ffH5:C2 Tr+10 (x2 Tr+10)(4+ 3z + 1)

-3

T (-4 B+ 1)
-3

T (5-2)(4+vV3-5+1)
-3

3-8
1

-8

_3 .
(x-2)(4 +3\/3x +1) IS

(r-2)(4+Brs1)

The equalities on the lines marked with X are not correct.

1
not equal to 3 because, for instance, if we let = 1 then
-3 R
(1-2)(4+v3-1+1) 2
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2. Let m be the slope of the tangent line to the graph of y = I+2
x

at the point (-3,-9).

Express m as a limit. (Do not compute m.)

Solution: The slope m of the tangent line to the graph of y = f(x) at the point
(zo, f(x0)) is given by the limit

e @)= f()

T=>T0 T — X9

or equivalently by the limit
lim f(xo + h) f(xo)

h—0

m =

Therefore two possible answers are

2?2 (-3 +h)?
o O hes Y
m=lim £*2 - lim .
-3 €T — (—3) h—0 h

3. Suppose that hm f(x) #0 and hrn g(:c) 0. Show that lim fgxg
r—>C g €T

Solution: Assume that lim () exists, and let L = lim /()
z=e g(x) w=e g(x)
rule for limits we obtain

does not exist.

Then by the product

(2) I(x) 0=
hmf(m)—hm(g() ()) Yoo 1mg(ac) L-0=0.

This contradicts the fact that lim f(x) # 0. Therefore our assumption cannot be
Tr—>C

does not exist. O

true: lim
z=e g(x)

4. Suppose that lim f(x) = 0 and there exists a constant K such that |g(z)| < K for all z # ¢ in

some open interval containing c. Show that lim (f(z)g(z)) = 0.

Solution: We have |f(x)g(z)| = |f(z)|-|g(z)| < |f(x)|- K in some open interval
around c. Therefore

—K|f(x) < f(2)g(x) < K[ f ()]
Now applying the Sandwich Theorem and using the fact that lim|f(z)| = 0 we obtain
the result. O



5. Determine the following limits if lilr(I)l+ f(z)=A and liré{ f(z)=B.

a Jim f(2 ) b lim (/(s%) - /() . lim f( )
d. lim (f(o?) - f(2)) e. lim f(a®-2)

Solution: a. If z <0, then 22 >0 and —x > 0. Therefore 2 —x > 0 for z <0, and
x2—x approaches 0 from the right as = approaches 0 from the left. h%l_ f(z*-1x) = A.

b. Since 22 > 0 for x < 0, 22 approaches 0 from the right as = approaches 0 from
the left. Hence li%l_ (f(2*) - f(2)) = h%l_ f(x?) - li%q_ f(zx)y=A-B.

c. For 0 <z <1, we have 23 <z and 22 — 2 < 0. So 23—z approaches 0 from the left
as = approaches 0 from the right. Therefore 111})1+ f(z*-z)=B.

d. Since 23 <0 for x < 0, 23 approaches 0 from the left as = approaches 0 from the
left. Hence h%l_ (f(2*) - f(2)) = hI(IJl_ f(a®) - hI(IJl_ f(x)=B-B=0.

e. For 0 <z <1 we have 22 <x and 22 - 2 < 0. 22 — x approaches 0 from the left as
z approaches 1 from the left. Hence lim f(z*-x)=B. O

6. Let Q be the point of intersection in the first quadrant of the circle C with equation
(r—1)2+y? =1 and the circle Cy with equation x2 + y? = r2. Let R be the point where the line
passing through the points P(0,7) and () intersects the z-axis. Determine what happens to R
as r — 0%,

3 4




Solution: Subtracting 22 + y? = 72 from (z —1)? + y? = 1 we obtain x = r?/2, and
substituting this back in x? + y? = r? gives us Q(r?/2,\/r? —rt/4).

Let R(a,0) be the coordinates of R and let S be the foot of the perpendicular from
@ to the x-axis. Since the triangles RSQ and ROP are similar we have

a-1%2  _a
r

r2—r4/4 )
and hence )
r3/2
4= ———
r—\/r*-rt/4
Then
3
lim a = lim #
r—0* r—>0* r— 7’2 _ 7”4/4
. r3/2
:JL‘(%(rz_(r2—r4/4)’(“ 7"2‘7“4/4))
=2 liré1+(1 +y/1-12/4)
=2 (1++/1-02/4) =4.
Therefore R approaches the point (4,0) as r — 0*. [

1
7.% Use the formal definition of the limit to show that 11111/12 — =2
x— i

Solution: Given £ > 0 we want to find ¢ > 0 such that

1
—-2

O<|z-=[<d <e€.
rog|<i= |- 3 (%)
We will do this in two different ways.
. ) 1
“Solve the Inequality” Method: First we solve |— —2| < ¢ for z.
x

1
<g<=>2-c<—<2+¢
e

1
—-2
x

The next step depends on whether 2 — ¢ is positive, zero or negative.

If 2-¢>0, that is if £ < 2, then

1 1
2-e<—< 24+ >ax > .
T —-€ 2+¢

*Examples marked red are not part of the Fall 2016 Syllabus.



If 2-e=0, that is if € = 2, then

1
2-e<—<24e<—xr>—.
T 2+¢

N | =

If 2-¢e<0, that is if € > 2, then

1 1 1
2-e<—<24+e<—zx> or —-——>x.
T 2+¢ e—2




2+e

Next we choose ¢ in such a way that every z satisfying the condition 0 < <0

T3

1
~ 9
x
all three cases choosing a delta such that 0 < § <1/2-1/(2+¢) =¢/(4 +2¢) achieves

this.

lies in the solution set of < g, and therefore the implication in (*) holds. In

The Estimation Method: Suppose 0 < |z —1/2| <6 for some 0 > 0. Then

1 20 -1/2| 2
__2‘:M<_5.
|| ||

i

At this point let us also decide to choose 0 to satisfy 0 < 1/4. (Why 1/4?7) Then
O<|lz-1/2|<d0=1/2-0<x <12+ = 1/d<z<3/4d=4>1/x>4/3 =

1/|z| < 4 and therefore

<2—6<85.
||

1
— -2
X

Hence for a given £ > 0 if we choose ¢ to satisfy 0 < £/8 (as well as § < 1/4) then
1
we will have ‘— - 2‘ <85<8- % =¢ and (*) will hold. In conclusion, any choice of ¢

T
satisfying 0 < 6 < min{e/8,1/4} works. O

8.* Show that lim (2 + 72 — 17) = 43 using the formal definition of the limit.

T—>-3
Solution: For any given £ > 0 we have to find a § > 0 so that for all z we have
O<|z-(=3)|<d==|a* +7Tx - 17-43|<¢.

*Examples marked red are not part of the Fall 2016 Syllabus.
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We have (x4 + 72 -17) =43 = 24 + 72 - 60 = (x + 3) (23 — 322 + 9x — 20). Suppose
that 0 < |z —(-3)|<d and 6 <1. Then -4 < -3 -0 <x < -3+6 <-2. In particular,
|z| < 4. Therefore, using the Triangle Inequality, we obtain |x3 — 322 + 92 — 20| <
|z + 3|x? + 9x| + 20 < 43 +3-42+9-4+ 20 = 168. Now if we choose 0 to satisfy
0 <6 <min{e/168,1}, then we have

|x4+7x—17—43|=|x4+7:c—60|=|x+3|-|a:3—3x2+9x—20|<5.168§1%8168:5

whenever 0 < |z - (=3)| < §. We are done. O

9.* Suppose that for all 0 <e <1,

2
|x—1|<%:>|f(m)—3|<e

and

£
|x—1|<£=|g(x)—4|<5.

Find a real number ¢ > 0 such that

|:17—1|<5:>|f(x)+g(:17)—7|<%.

1
Solution: If we take ¢ = 1 in () we get

1 1
|x—1|<m=>|f(x)—3|<ﬁ.

1
If we take € = 10 in (xx) we get

1 1
|x—1|<ﬁ=>|g(x)—4|<ﬁ.

1
Therefore if |x — 1| < —, then we have
400

11 1
£@)+9(r) =T/ = F(2) =3+ g(w) ~4] < |f(2) =3 +]g(e) ~ 4 < 7o+ 70 =
1
by the Triangle Inequality. Hence we can take ¢ = 100" O]

1225

works.

Remark: In fact, any J <

1
1 if x=— where n is a positive integer,
n
10.% Let f(x) =

0  otherwise.
a. Show that if ¢ # 0 then lim f(x) = 0.
b. Show that lir% f(z) does not exist.

*Examples marked red are not part of the Fall 2016 Syllabus.
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Solution: a. Assume ¢ > 0. Then there is a positive integer m such that 1/m is
the closest to ¢ among all real numbers different from ¢ and of the form 1/n where

n is a positive integer. (Why?) Let § = [c— —|> 0. Then for any € > 0, we have

m

1
O<|r—c|<d=x+— for any positive integer n
n

= f(2)=0=|f(2)-0/=10-0/=0<e.
Therefore lim f(x) = 0.
Assume ¢ < 0. Take ¢ = |¢|. Then for any ¢ > 0, we have
1 Ce
O<|r-c|<d = 2x<0= 2 #— for any positive integer n
n
:)f(x):():>|f($)—0‘:’0—0’=O<8

Therefore lim f(z) = 0.

r—C

b. Let L be a real number and assume that hH(l)f(:E) = L. Then for every ¢ > 0,
there exists a ¢ > 0 such that for all x,

O<|zr-0/<0=|f(x)-Ll<e.

If L is not 0, let € =|L|/2>0. Then there is a 0 > 0 such that
O<l|z|<d=|f(z) - L|<|L|/2.

Take x = —0/2. Then 0 < |x| < 0 is true, but |L| = |0 - L| = |f(x) - L| < |L|/2 is not
true. We have a contradiction.

On the other hand, if L =0, let € = 1/2. Then there is a 6 > 0 such that
0<|z|<0=|f(z)]<1/2.

If n is a positive integer satisfying n > 1/d, take x = 1/n. Then 0 < |z| < ¢ is true,
but 1 =11| =|f(x)| < 1/2 is not true. Again we have a contradiction.

Hence lir% f(x) cannot exist. O
xr—

11. Show that the equation z? — 10 = zsinx has a real solution.

Solution: Consider the function f(x) =22 -10-2zsinz. Then f(0) =-10<0 and
£(10) = 102 - 10 - 10sin(10) = 90 - 10sin(10) > 90— 10 = 80 > 0. Note that f is
continuous on [0, 10]. Therefore we can apply the Intermediate Value Theorem to
the function f on the interval [ 0,10] for the value 0 to conclude that there is a point
¢ in (0,10) such that f(¢) =0. This ¢ is also a solution of the given equation. [



2
x
12. Consider the equation 1 — T COST.

a. Show that this equation has at least one real solution.
b. Show that this equation has at least two real solutions.

c. Show that this equation has at least three real solutions.

2 2
Solution: Let f(z)=1- % —cosx. The solutions of the equation 1 - % = cosT

correspond to the zeros of f.
As f(0) =0, z =0 is one zero.

Now observe that f(7/2) =1-72/16 >0 and f(r)=2-n2/4<0as4>7m>3. As f
is continuous on the entire real line, applying the Intermediate Value Theorem to
the function f on the interval [7/2, 7] we conclude that there is a point ¢ in this
interval such that f(c) =0. This is our second zero.

Finally, as the function f is even, we have f(-c) = f(¢) =0, and x = —¢ is our third
Zero. O

13. Show that at any moment there are two antipodal points on the equator of the Earth with
the same temperature.

Solution: First we will make a mathematical model of the problem. We will
consider the equator as a circle, and use the longitude as our coordinate 6. We
choose the positive direction for € to correspond to the East, measure 6 in radians,
and let it take any real value. So 45°W corresponds to 6 = —7w/4, 6 = Tr/4, and
0 = 157/4, among other values. Note that 6 + m corresponds to the antipode of
the point corresponding to . We let T'(f) denote the temperature at 6. We have
T(0+2m) =T(0) for all . We will assume that 7" is a continuous function. We
want to show that there is a ¢ such that T'(c + w) = T'(¢).

Consider the function f(0) =T (0+ ) -T(#). Note that since T is continuous, f is
continuous. Our quest to find a ¢ such that T'(c+m) = T'(¢) is equivalent to find a
¢ such that f(c) =0. If f(0) =0, then we let ¢ =0 and we are done. Suppose that
f£(0) £0. Observe that f(0) =T (7w)-T(0) =T(n)-T(27w) = —f(x). In other words,
f(0) and f(m) have opposite signs. Now we apply the Intermediate Value Theorem
to f on the interval [0, 7] for the value 0, and conclude that there is a point ¢ in
[0, 7] such that f(c)=0. We are done. O

Remark: It is possible to show that at any moment there are two antipodal points on Earth
with the same temperature and the same pressure.

10



14. Find all tangent lines to the graph of y = 23 that pass through the point (2,4).

Solution: As dy/dx = d(z3)/dz = 322, the equation of the tangent line through
a point (zo,z3) on the graph is y — 23 = 3z2(x — x0). This line passes through
(2,4) exactly when 4 — a3 = 322(2 — x0), or in other words, z} — 322 +2 = 0. We
observe that zy = 1 is a root of this polynomial. Therefore we have the factorization
28 -322+2 = (19— 1) (22 - 229 -2). The roots of the quadratic factor are x5 = 1+/3.

Therefore the tangent lines to y = 3 at the points (1,1), (1 ++/3,10 + 61/3), and
(1-+/3,10 - 64/3) pass through (2,4). The equations of these lines are y = 3z — 2,
y=(12+6v3)x - (20 +12v/3), and y = (12 - 6+/3)x - (20 - 12/3), respectively. [

25—: /

20
15

10—

V1 +sin® 22 - cos3 22

15. Evaluate the limit lim

20 r3tanzx
Solution:
C V1+sin®a?2-cosdz2 V1+sin?22-1 1-cos3z? T
lim 3 =lim 1 + I .
z—0 r>tanx z—0 x x tanx

) (sin 2 )2 1 1 - cos3 22 x
= lim . + .
z=0 72 V1+sin?22+1 rt tanx
Now we observe that:

sin 22

lim =1

x—0 [L‘2

5 1 1 1
11m = - _
=0\/1+sin?22+1 V1+sin202+1 2
lim —— =1

z-0 tan x

11



and

lim ———

1- cos3 x2 1-cosa® m2
x—0

(1 + cosx? + cos mQ))

ac—>0

2 ¢ 2/2
=lim ( sin (a:/) - (1 + cosz* + cos x2))

1 2/2
- sm(x / ) hm(l +cosx? + cos? 2?%)
~ 9 :HO x2/2 20
1
2
_ §
=5
Therefore:
o V1 +sin® 22 - cos3 22 1 3
lim ={1l-—+=]-1=2.
-0 3 tanz 2 2

16. Find the equation of the tangent line to the graph of y = sin?(723/6) at the point with
r=1.

d
Solution: y = sin?(723/6) = d_y = 2sin(7x3/6) - cos(mx?/6) - 3mx2/6. Therefore,
x

dy . V37
i 2sin(7/6) - cos(w/6) - 7/2 = -

Since y|,_, = 1/4, using the point-slope formula we find the equation of the tangent

line as
1 \/_ 3T

VT

(z-1)

or, after some reorganization,

17. Let

2x + x? Sin(l) if 40,

f(@) = '
0 if x=0.

a. Find f'(z) for all .

b. Show that f’ is not continuous at 0.

12



Solution: a. For x # 0 we compute the derivative using the rules of differentiation:
/ d 2 - 2 2
fi(x) = . (2z+2 sm(l/x)) =2+ 2zsin(1/x) + 2 cos(1/x) - (-1/x%)
x
for x #0.

For x = 0 we must use the definition of the derivative:

fO+h) = f(0) _ . 2h+h2sin(1/h)
h = o h

f1(0) = lim
) ) (1
:11n12+hmhsm(—) =2+0=2

h—0 h—0 h

Here we used the fact that }}Héh sin(1/h) =0 whose proof uses the Sandwich (or

Squeeze) Theorem. Here is a recap of the proof: Since |sin(1/h)| <1 for all h # 0
we have |hsin(1/h)| =|h|-|sin(1/h)| < |h| for all h # 0. Therefore

—|h| < hsin(%) <|h| forall h#0.

As }31%|h|202}1ir%(—|h|), it follows by the Sandwich Theorem that

}gréh sin(1/h) = 0.
(1 Ly .
2+2:Usm(—)—cos(—) if 240,
T T

2 if x=0.

To summarize:

f@)-

b. Consider lir%f’(x). We have lir%Z =2 and lin[1)2x sin(1/z) =0 as in part (a).
However lir% cos(1/x) does not exist. It follows that lirrol f'(x) does not exist and

hence f’ is not continuous at 0. O

13
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18. Find &Y

702 if y is a differentiable function of x satisfying the equation z3+2y3 = 5xy.
Z (m,y)=(2,1)

Solution:

23+ 213 = By

ﬂ dfdzx

d d
3x2+6y2£:5y+5x£ (*)

ﬂ r=2,y=1

dy dy
12+6—==5+10—
" dx " dz

!

dy
4=2 =7
dx

!

dy

7
ar 1 & (z,y)=(2,1)

Now we differentiate the equation marked () with respect to x to find the second

14



derivative.

dy dy

3x% +6y% =< = by + b —=

T~ + y dl’ y+ l’dx

Hd/dm
2
dy dy _dy _dy d*y
6x+ 12y | == 6y =52 +5—2+b5r—=%
v y(d ) " dz? d:chr dx+ xdﬂ
dy 7

dx? 4 dx?
2y 125
SY 22 = (2,1
T2 )= 2)
]
. . ) 5y — 32
Remark: An alternative approach is to solve y’ from (x), viz. ¥y’ = 607 —Fn’ and then
y? - bx

differentiate this with respect to x to find y”.

19. A piston is connected by a rod of length 14 ¢m to a crankshaft at a point 5 cm away from
the axis of rotation of the crankshaft. Determine how fast the crankshaft is rotating when the
piston is 11 ¢m away from the axis of rotation and is moving toward it at a speed of 1200
cm /sec.

Solution: Let P(z,y) and Q(a,0) be the ends of the connecting rod as shown in
the picture. The axis of rotation of the crankshaft passes through the origin of the
zy-plane and is perpendicular to it. The point P where the rod is connected to
crankshaft moves on a circle with radius 5 cm and center at the origin. The point
(@ where the rod is connected to the piston moves along the positive x-axis. 6 is the
angle between the ray OP and the positive x-axis.

Yy
P(z,y)
1y n,
0 Q(a,0)
-5 5 z
2?2 +y?=25
The question is:
db

a=11cm and d_CtL =-1200 cm/sec = = =?

15



We have

2?2 +9? =52 (1)

and

(z-a)*+y*=142. (I1)

At the moment in question a = 11 ¢cm. Substituting this in (I) and (II) we obtain
22 +y? =52 and (x - 11)2 +y? = 142. Subtracting the second equation from the first
gives 222112 = 52142, and solving for  we get 2 = =25/11 cm. Then y = 20v/6/11
cm.

Differentiating (I) and (II) with respect to time ¢ we obtain

d:z: dy
&« -0 TIT
Ya TV ar (1)
and p p p
r da dy
(z-a) ( = dt)+ 0. (Iv)

d
At the moment in question a = 11 cm, e v =-1200 cm/sec, x = -25/11 ¢cm and

dt
y =20v/6/11 cm. Substituting these in (III) and (IV) we get

—5 a6 dy (V)
and
—146 — 2of = 1460 . (VI)
d d 146
Subtracting 5 times (V) from (VI) we find _121£ = -146 v, and hence d—f = o1 v
d 365
Substituting this back in (V) gives Do 22,
dt  242/6

do
Now we are ready to compute T Since tanf = y/z, differentiation gives

xdy ydx
do a7 dt

2 _
0T T

and using sec2f = 1 +tan®6 = 1 + (y/x)? we obtain

dy dx
a0 g Y
dt — 22+y?
25 206 dr 146 d 365
Plugging x = —— cm, y = \/_ cm, a_ — v, and W v in this formula
11 11 dt 121 dt  242\/6
73 1460
gives — Vo radian /sec. O
it~ 1106 11

16



1460+/6 1460/6 60
11\/_ radian/sec is 11\/— "o rpm or approximately 3105 rpm.
7

Remark:

Remark: This problem has a shorter solution if we use the law of cosines. Start with 22 +52 —
2-5xcosf = 14% and differentiate with respect to ¢t to obtain

do B Hecosf —11
dt  5sinf

Put # = 11 cm in the first equation to find cosf = —5/11 and then sinf = 41/6/11. Now
substituting these in the second equation gives the answer.

20. Determine how fast the length of an edge of a cube is changing at the moment when the
length of the edge is 5 ¢cm and the volume of the cube is decreasing at a rate of 100 cm?/sec.

Solution: Let a denote the length of an edge of the cube, and V' denote the volume
of the cube. Then we have V = a3. Differentiating with respect to time t gives

av d av
& o328, Substituting — = -100 cm3/sec and a = 5 cm for the moment in
dt dt dt
question, we obtain d_ctz =-3 cm/sec. Therefore the length of the edge is decreasing
at a rate of 3 cm/sec at that moment. [

21. We measure the radius and the height of a cone with 1% and 2% errors, respectively. We
use these data to compute the volume of the cone. Estimate the percentage error in volume.

Solution: Let r, h, and V' be the radius, the height and the volume of the cone,
respectively.

2
Vol — v = 2 phdr + Tr2dh — W4 A
3 3 3 vV o T Th

Since the error in 7 is 1% we have <2%. Now using the

d h
Tle1%. Similarly ‘d—
r h

triangle inequality we obtain

av dr dh dr dh
The error in volume is 4% . O

17



22. A cone of radius 2 cm and height 5 cm is lowered point first into a tall cylinder of radius
7 cm that is partially filled with water. Determine how fast the depth of the water is changing
at the moment when the cone is completely submerged if the cone is moving with a speed of 3
cm/s at that moment.

Solution: Let » and h be the radius and the height of the part of the cone that is
under the water level, respectively. Let L be the depth of the water in the cylinder
and let y be the vertical distance from the tip of the cone to the bottom of the
cylinder. Let Vj be the volume of the water.

Then

2
2 47
Vo=m T L-—rh=n-7 L-2|Zh| h=497L - —=p3
o=T g T 315 s

where we used the fact that r/h = 2/5.

Now differentiating this with respect to time ¢ gives

d dL 4rm ,dh
=—Vo=491r— - —h*— .
0= = 5w
In particular at the moment when the cone is completely submerged we have h =5
cm and i dh
49— =4— .
dt dt

On the other hand, at the same moment

dh dL dy dh dL
T T

because dy/dt = -3 ¢cm/s as the cone is being lowered at a speed of 3 cm/s.

3

From these two equations we obtain dL/dt = 4/15 cm/s. In other words, the depth
of the water is increasing at a rate of 4/15 cm/s at that moment. O]
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23. A water tank has the shape of an upside-down cone with radius 2 m and height 5 m. The
water is running out of the tank through a small hole at the bottom. Assume that the speed of
the water flowing through the hole is proportional to the square root of the depth of the water
in the tank.

2l

=3

a. In this part, suppose that the water is running out at a rate of 3 m3/min when the depth
of the water in the tank is 4 m. Find the rate at which the water level is changing at this
moment.

b. 1In this part, suppose that the water level is falling at a rate of 1/3 m/min when the tank
is full. Find the rate at which the water level is changing when the depth of the water in the
tank is 4 m.

c. In this part, suppose that it takes 3 minutes for the depth of the water to decrease from
5 m to 4 m. Find how long it takes for the full tank to completely drain.

Solution: Let r and h denote the radius and the height of the cone formed by the
water, and let V' denote the volume of the water. Using the fact that r/h = 2/5, we

obtain )
T (2 47
V==rh==Zh|h==—53
3 3(5 ) 75
and hence:
ﬂ_zl_ﬂh?@
dt 25 dt

In part (a), we are given that dV'/dt = =3 m3/min when h = 4 m. Substituting these
in the equation above and solving for dh/dt we obtain dh/dt = —=75/(647) m/min.
Hence the water level is falling at a rate of 75/(647) m/min in part (a).

Now we will use the condition that the speed of the water flowing through the hole
is proportional to the square root of the depth of the water in the tank. This means

av
= = —kVh
dt Vh

for some positive constant k. Substituting this in the previous equation we obtain:

_Arm 5 dh
~kVh = s (®)
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In part (b), we are given that dh/dt = -1/3 m/min when h = 5 m. Substituting

these in (®) we obtain:
4dr 1
—kvV5=—"—-52|-Z
G (3)
On the other hand, (®) gives

4m ., dh
/4= =42
Vi 25 dt

when h = 4 m. Now solving for dh/dt from these two equations gives dh/dt =
~5v/5/24 m/min. Hence the water level is falling at a rate of 5v/5/24 m/min in part

(b).

For part (c), we rewrite (®) in the form

4
TR dh =~k dt
25
and integrate to obtain
8T
—— K2 =kt
125 +c

for some constant C. In other words, h??2 = —at + b for some constants a and b. As
h =5 m when ¢ = 0 min, we have b = 5°/2. Using the condition in part (¢) that h =4
m when ¢ = 3 min we obtain 452 = —a -3 + 5°2, so a = (5°/2 — 45/2)/3. Finally, the
tank is empty when i =0 and this happens when ¢ = b/a = 3 - 55/2/(5%/2 — 45/2) min.
Hence the tank drains in 3/(1 - (4/5)5/2) minutes in part (c). O
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24. Find the absolute maximum value and the absolute minimum value of f(z) = 2%/3 -2 —2/3
on the interval [-1,6].

Remark: How to find the absolute maximum and the absolute minimum values of a
continuous function f on a closed interval [ a,b] of finite length:

i. Compute f'.
ii. Find the critical points of f in (a,b).
i77. Add the endpoints a and b to this list.
. Compute the value of f at each point in the list.

v. The largest value is the the absolute maximum and the smallest value is the absolute
minimum of f on [a,b].

4 1
Solution: f'(z) = §x1/3—1——x‘2/3. The derivative is not defined at x = 0, therefore

x =0 is a critical point. Next we solve f/(z) = 0.

1
In the equation 5331/3—1—533*2/3 =0 we let z = 2!/3 to obtain the equation 423322 -

1 =0. Since z = 1 is a root, we have the factorization 423-322-1= (2-1)(42%2+2z+1).
As the quadratic factor has no real roots, z = 1 is the only solution. Therefore
x =z3 =13 =1, which belongs to the interval [-1,6], is the only other critical point.

We have f(0) =0, f(1) = -1, f(-1) = 3, and f(6) = 5-6/3 —6. Observe that
5:61/3-6>3 <= 5-613>9 <= 56> 93 < 725> 721.

We conclude that the absolute maximum and minimum values of f(z) = z4/3-z—z1/3
on the interval [-1,6] are 5-6/3 — 6 and -1, respectively. O

+1
25. Find the absolute maximum and the absolute minimum values of f(x) = a9 the
2+

interval [0, 00).

Remark: When looking for the absolute maximum and the absolute minimum values of a
continuous function on an interval that is not necessarily closed or of finite length, a modified
version of the algorithm above can be used.

e In Step v, if an endpoint does not belong to the interval, then we compute the appropriate
one-sided limit of the function at that point instead of the value of the function.

e In Step v, if the largest value (which can be oo) occurs only as a limit, then we conclude
that there is no absolute maximum. Similarly for the smallest value.

2 +2x -8
(22 +x+9)%
and x = 2. Only 2 =2 is in the interval [ 0,00). So our list is 0, 2, and oo.

Solution: We compute f'(x) = — The roots of f'(x) =0 are x = —4

1 1 1 1
f(0) = 9’ f(2)= 5 and lim f(x) =0. Since e 0, the absolute maximum is

Ot =

and there is no absolute minimum.
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26. Suppose that a function f satisfies f'(z) = f(x/2) for all x and f(0) = 1. Show that if
f(xg) =0 for some g >0, then there is z; such that 0 < x; < xg and f(x1) = 0.

Solution: Since f is differentiable, f is continuous. Suppose that f(xg) = 0 for some
xo > 0. We apply the Mean Value Theorem to f on [0, ] to conclude that there
- f(0 1
is ¢ such that 0 < ¢ <z and f'(c) = L{;() —-— < 0. Then f'(z) = f(x/2)
I -—
gives f(c/2) = f'(¢) < 0. We also have f(O) =1>0. We apply the Intermediate
Value Theorem to f on [0,c¢/2] to conclude that there is z1 such that 0 < x1 < ¢/2
and f(z1)=0. As 0 <z <c¢/2<c< 1z we are done. ]

Remark: With a little bit more work it can be shown that f(x) > 1 for all > 0.

27. Show that if f is a twice-differentiable function such that f(0) =1, f'(0) = -1, f(1) = 2,
f'(1) =5, and f"(x) >0 for all z, then f(x)>1/3 forall 0 <x<1.

Solution: Let x; < xo be in [0,1]. The Mean Value Theorem applied to the
function f’ on the interval [z, 2] says that there is a point ¢ in (x1,x2) such that
f'(ws) = (1) =f"(c). As f"(c) 20 we have f'(x;) < f'(z2). In particular, we

To — I

have -1 = f/(0) < f'(z) < f'(1) =5 for all z in (0,1).

Let 0 < x < 1. By the Mean Value Theorem applied to the function f on the
- f(0
f@)=1(0) g( ) = f'(c1). Since
l‘_

interval [0, z], there exists a point ¢; in (0, ) such that
f'(c1) > -1, it follows that
flz)>-z+1 (%)

for 0 < x < 1. Similarly, applying the Mean Value Theorem to the function
f on the interval [z,1], we see that there exists a point ¢y in (z,1) such that

1) -
f) - f(@) i @) f'(c2). Now using the fact that f’(cy) <5 we conclude that
—x
f(z)>5x-3 ()
forO<z <1

Adding 5 times the inequality (*) to the inequality (**) we get f(z) >1/3 for all x
n [0, 1]. O

Remark: In fact, it can be shown that f(x) > 1/3 for all z in [0, 1].
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28. Sketch the graph of y = 5a2/3 — 225/3,

10 10 10
Solution: y' = —z~1/3 - —z%3 = gx‘l/?)(l —z). Therefore y' > 0 on (0,1), and

y' <0 on (—00,0) and (1, 00).

10 20 20
y" = —Ex*‘l/?’ - Ex*1/3 = —Ex*4/3(w +1/2). Therefore y” > 0 on (-o0,-1/2), and
y" <0 on (-1/2,0) and (0, 00).

These give us the following table of signs and shapes.

| ~1/2 0 1
A | - 3 + 0 -
e R
N 1 N 1 r 1 N
inf.pt. loc.min. loc.maz.

We compute the y-coordinates of the important points to get (0,0) for the local
minimum, (1,3) for the local maximum, and (-1/2,3+/2) for the inflection point.
Note that since ¥/2 > 1, we have 3/2 > 3. Also note that the function is continuous
at x =0, but

: r_1; 10 -1/3 —
b1 (2700
and 10
. T Yo -1/3 _ _
b~ (00
Therefore (0,0) is a cusp.

Finally we find the z-intercepts: y =0 = 522/3 - 2253 =0 = 222/3(5-2x)=0=x =
0 or z=5/2.

(The graph is on the next page.)
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Now we use these data to draw the graph:

Remark: Here is the same graph drawn by Maple:

24
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29. Two corridors meet at a corner. One of the corridors is 2 m wide and the other one is 3
m wide. What is the length of the longest ladder that can be carried horizontally around this
corner?

Solution: Length of the longest ladder will be equal to the absolute minimum value
of L in the picture.

/|

Using the relation 3/x = y/2 we obtain

L=(22+9)2+ (4+y?) 2 = (22 +9)2 + (4+ (6/x)2)"2 .

Therefore we have to minimize

2
L:(a:2+9)1/2-(1+—) for 0<z<oo .
xr

We first look at the critical points:

L _ (22 +9)1/2-x-(1+ 2) + (x2+9)1/2-(—3) =0
dx x x?

1
:}I+2—(2+—§):0=x=181/3m=L:(22/3+32/3)3/2m
T

Since liI(I)l L = o0 and lim L = oo, the value at the critical point is indeed the absolute
z—0%

ITr—>00

minimum.

Hence the length of the longest ladder that can be carried around this corner is
(22/3 n 32/3)3/2 m. O

Remark: (22/3 + 3%/3)3/2 m is approximately 7.02 m.
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30. Find the maximum possible total surface area of a cylinder inscribed in a hemisphere of
radius 1.

Solution: Let S be the total surface area of the cylinder, S = 2772 +27rh. We have
h = (1-1r?)1/2. Hence we want to maximize

S =2+ 2mr(1 - )2 for 0<r<1.

) h
b ; ]
. . 14S )
First we find the critical points: g - 2r + (1 —r2)12 —p2(1 = 12)"12 = ) =
7 dr
2r(1 =72 =272 -1 = 42(1-712) = (2?2 -1 = &*-&? +1 =0 =
8++32 1
r? = i16 . Note that 2r(1 - 72)1/2 = 2r2 — 1 implies 72 > 2 and therefore

) 2+/2 2+/2
r2= _
4

and r =
2

V2+V2

We get S = (1++/2) at the critical point r = — S =0 at the endpoint r = 0,

and S = 27 at the endpoint r = 1. As V2> 1 we have 1 +2 > 2, and the absolute
maximum value occurs at the critical point.

The maximum possible surface area of the cylinder is (1 +/2)7. ]

26



31. A fold is formed on a 20 cm x 30 cm rectangular sheet of paper running from the short
side to the long side by placing a corner over the long side. Find the minimum possible length
of the fold.

Solution: Let ABCD be the sheet of paper and let P be the point on the edge
AB where the corner C' is folded over. The fold runs from @ on the edge BC to R
on the edge C'D. Let S be the projection of R on to the edge AB. Let L be the
length of the fold QR and let x = C'Q).

D R C
L X
Q
X
[ [
A 5 P B

Then PQ/PB = RP/RS by the similarity of the triangles PBQ and RSP. Hence

RP = 20x/\/2?-(20-2)? = 202/v40x-400 and L? = RQ? = RP? + PQ? =
40022/(40z - 400) + 22 = 23/(x — 10). The largest possible value of z is 20
cm. The smallest possible value of x occurs when RP = 30 cm; that is when

20x/\/40z — 400 = 30 or x =45 — 15v/5 cm.
Therefore we want to minimize L where L2 = 23/(x — 10) for 45 - 15v/5 < = < 20.

Differentiating 2LdL/dx = 322/(x — 10) — 23/(z - 10)? and setting dL/dz = 0 we
obtain x = 15 cm as the only critical point in the domain. For x = 15 ¢m we have
L =153 cm.

At the endpoint x = 20 cm we have L = 20v/2 ecm and at the endpoint = = 45 - 15v/5
cm we have L = 15v/18 - 6v/5 cm.

Since 15v/3 cm is the smallest of these values, we conclude that this is the smallest
possible value for the length of the fold. O]

Remark: If the question is posed for a w x £ sheet of paper with w < 2\/56/3, then the length
of the shortest possible fold is 3\/§w/4. Therefore, for a A4 size paper with w = 210 mm and
¢ =297 mm, the shortest fold is approximately 273 mm; and for a letter size paper with w = 8.5
in and ¢ = 11 in, the shortest fold is approximately 11.04 in.
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32. The Rubber Duck is a sculpture designed by Florentijn Hofman and constructed from
PVC. For the purposes of this question, we consider the Rubber Duck to consist of a spherical
head of radius a and a spherical body of radius b. The research shows that the cuteness £ of

the Rubber Duck is given by

. (1—%)(a+b) if 0<a<b,

a
b
0

Find the dimensions of the cutest Rubber Duck with a total surface area of 4007 mZ2.

if 0<b<a.

Solution: The total surface area of the Rubber Duck is 4wa? + 47wb2. Hence 47a? +
47wb? = 4007 m?, giving b? = 100 — a?. Therefore,
a(100 - 2a?)
W = 100 — a2
0 otherwise,

if 0<a<5V?2,

and we have to find where the absolute maximum value of

100a — 2a3

K =
100 - a2

on the interval 0 < a < 5v/2 occurs.

We first find the critical points. As

d" (100 - 6a?)(100 - a?) - (100a - 2a?)(-2a)
da (100 — a2)? ’

d# |da =0 gives a* — 250a? + 5000 = 0. Now using the quadratic formula we obtain

5 250+ /2502 —4-5000
a” =

: =125+ 25V17,
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which gives us four solutions

a=5V5+ V17, 5V5 - V17, -5V5 + V17, -5V5 - V17.

Only the first two of these are positive and the first one is greater than 5v/2. On the

other hand, 0 < 5V/5 - V17 <52 as 3 <17 < 5. We conclude that a = 5v/5 - /17

is the only critical point.

We have
V17 -
%/:10\/5—\/17-£>0
V17-1

for a = 5\/5-/17. As # =0 at the endpoints a = 0 and a = 5v/2 of the interval,
this is the absolute maximum value.

Therefore the cutest Rubber Duck has a =5V5-+v17Tmand b=5vVvV17-1m. O

33. A snowman is an anthropomorphic sculpture made from snow as well as some pieces of
coal, a carrot, a hat and a scarf. For the purposes of this question, we consider a snowman to
consist of a spherical head of radius a and a spherical body of radius b, and we also assume
that the snow does not melt and its density does not change while it is being sculpted.

The research shows that the cuteness £ of a snowman is given by

2
o 02 wocas
0 if 0<b<a.

Find the dimensions of the cutest snowman that can be built with 47/3 m? of snow.

a
|
= b
] . 4m 41 T s
Solution: The total volume of the snowman is 3 ad+ 3 b3. Hence 3 ad + 5 b3 =
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4
?ﬂ m3, giving 0% = 1 — a3. Therefore,

a?(1-2a3)
W= 1-a3

0 otherwise,

if 0<ax<

SW‘
—_
[\

and we have to find where the absolute maximum value of
a? - 2ad
1-a3

=
) 1
on the interval 0 < a < 3—2 occurs.

We first find the critical points. As
dx  (2a-10a*)(1-a®) - (a® - 2a°)(-3a?)
da (1-a?)? ’
d [da =0 gives 4a” — 9a* + 2a = 0. As we have 4a” — 9a* + 2a = a(a® - 2)(4a® - 1),

the critical points are a =0, a = /2 and a = 1//4. Hence the only critical point in
the interval we are interested in is a = 1/V/4.

We have # = 1/(33/2) > 0 for a = 1/¥/4. As # =0 at the endpoints a = 0 and

a = —= of the interval, this is the absolute maximum value.

2

Therefore the cutest snowman has a = 1/¥/4 m and b = {/3/4 m. O

34. A dessert in the shape of a hemisphere with radius 1 dm is made by baking a cylindrical
cake of height h, and topping it with a spherical cap of ice cream and surrounding it with a
hemispherical ring of chocolate mousse as shown in the figure. If the cake costs 8/7 £/dm?, the
ice cream costs 9/m £/dm? and the chocolate mousse costs 12/7 £/dm3, determine the value of
h for (a) the least expensive and (b) the most expensive dessert that can be made.

You may use the fact that the volume of a hemispherical ring of height h is 27h3/3.

Ice cream

(9/7 B /dm?)

Cake
(8/7 B /dm?)
Chocolate
mousse
(12/7 © /dm?)
h
L e
/ \R
¥/
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Solution: We have
12 . 8 .
Cost = — - (Volume of the ring) + — - (Volume of the cylinder)
7r T

+ 2 - (Volume of the cap)
0

21

12 2 2
Tt S o mhe 2 (2T s P s - 2y
s 3 3

== =h¥+
T 3 T

=6-h+3h3

and hence we want to find the absolute maximum and the absolute minimum values
of
Cost=6-h+3h% for 0<h<1.

We first find the critical points. As d(Cost)/dh = —1+9h?, setting this equal to zero
gives h =1/3 dm and h = -1/3 dm. Only the first of these are in the interval [0, 1],
and at that point the cost is 52/9 .

Next we look at the endpoints of the interval. h =0 dm gives Cost =6 ¥, and h =1
dm gives Cost = 8 .

Therefore the least expensive dessert has h = 1/3 dm, and the most expensive dessert
has h =1 dm. O]

35. We want to build a greenhouse that has a half cylinder roof of radius r and height »
mounted horizontally on top of four rectangular walls of height h as shown in the figure. We
have 200 m? of plastic sheet to be used in the construction of this structure. Find the value
of r for the greenhouse with the largest possible volume we can build.

Solution: We have

1 1
2007mm? = Total Surface Area=2-(r+2r)h+2- §7r7"2 + 5 21y -7 = 6rh + 2772

| S —
walls

(S —
half-disks top
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and hence h = g(@ - T). In particular, 0 <r < 10.
r

Let V denote the volume of the greenhouse. Then

1 T
V=r-2r-h+=-mr2-r=2rh+ =13
bottom —_—
top

and substituting i in terms of r, the problem becomes:

200w
3

Maximize V = T—ETS for 0<r<10.

We first find the critical points in the interval (0, 10]:

dav. 200 7w , 20

——=r"=0=r=+—m

dr 3 2 V3

As V3 < 2, neither of these satisfies 0 < r < 10, and there are no critical points in
the interval.

Next we look at the endpoints of the interval (0,10]: At » = Om we have
lim V =0m?, and at r = 10m we have V = 5007 m3.

r—0%

Therefore the maximum possible volume is 5007 m? and occurs when r = 10 m (and
h =0 m). O

36. A pool, like the one in front of the Faculty of Science Building A, loses water from its sides
and its bottom due to seepage, and from its top due to evaporation. For a pool with radius R
and depth H in meters, the rate of this loss in m?3/hour is given by an expression of the form

aR? + bR%h + cRh?

where h is the depth of the water in meters, and a, b, ¢ are constants independent of R, H and
h. Due to this loss, water must be pumped into the pool to keep it at the same level even when
the drains are closed.

Suppose that a = 1/300 m/hour and b = ¢ = 1/150 1/hour. Find the dimensions of the pool with
a volume of 457 m? which will require the water to be pumped at the slowest rate to keep it
completely full.
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Solution: From mR?H =457 we have H = 45/R?. When the pool is full, the water

is lost at the rate

L:aRQ+bR2H+cR;."-I'2:LR2 —R2 45

Y 45
300 150 R2 150 R

Hence we want to

1 3 27

1
Minimize L= —R?>+ —+—.— for 0< R< .

300 10 2 R3

We first find the critical points:

ar _ 1 ., 81 1
dR 150 2 R4

=0== R=3-5"m

As lim L=o00 and lim L =oc0 at the endpoints of the interval, the absolute

R—-0% R—o0

minimum value of L occurs at R = 3-5%% m, and the corresponding depth is

H =45/(3-5%5)2 = 515 m

Hence the pool that requires the water to be pumped at the slowest rate has radius

R=3-5%>m and depth H =45/(3-5%5)2=51/5m

37. Let f be a continuous function.

a. Find f(4) if f f(t)dt = xsinmz for all x.

b. Find f(4) if / t?dt = xsinmx for all z.
0

2

]

FTC1

Solution: a. [ ft)dt =xsinte — — / f(t)dt=— (x sinxr) =
0
f(z*) -2z =sinTx + x-wcosmr. Now letting x = 2 we get f(4) = 7T/2

f@ J@ ()
f t dt—xsm7m=> 3 =zrsinmr — 3 =xsinmx. Hence x = 4
0

0

gives f(4) = 0.

Remark: One might ask if such functions exist. In part (b), f(z) =

function satisfying the given condition.

In part (a), f(z)= 81121\7;_\/_ 5

anything for < 0 so long as it is continuous.
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V3xsinmz is the unique

— cosmy/x for x >0, and f(0) =7 by continuity; but it can be



d2
38. Compute &y if y is a differentiable function of x satisfying the equation:

2
d2*| 4 1)-0.0)
$+y
/0 e dt = zy

Solution: Differentiating the equation with respect to x we obtain:

T4y
/ e dt = xy
0
U d/dx

d z+y 2 d
— dt = —
dx ./o € dz ()

ﬂ FTC1
2 d d
—(z+y)® . 2 -
e dx($+y)ﬂdx(xy)
e_(x+y)2(1 + %) =y+ x% (%)
ﬂ z=0,y=0
d
ﬁ:-l at (z,y) = (0,0)

Now differentiating (#%) with respect to x again we get:

_ 2 dy dy
(+)° 1+ 22 ) = -
e ( + dx) Y+ xdx

d (| _ 2 dy d dy
- (z+y) et I il
dx(e (1+dx)) dx(y+xdx)

2 2 2
e’(“y)Q(—Q(a: + y))(l + j—i) + e(””y)2% = % + j—i + x%

ﬂ z=0,y=0,dy/dz =-1
d?y

@ =-2 at (xvy) = (070)
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39. Suppose that f is a continuous function satisfying

fla) = xfomf(t)dtﬂc?’

for all z, and c¢ is a real number such that f(c) = 1. Express f’(c¢) in terms of ¢ only.

Solution: We have:

FTC1

d T d T x
%f(x)=f0 f(t)dt+x%/0 F(t)dt +32° * fo F(t)dt + 2 f(z) + 327

Now substituting x = ¢ and using the facts that f(c) = ¢ f f(t)dt+c*and f(c) =1
0

we obtain:

f,(C)Z'/ch(t)dt‘i‘Cf(C)‘f‘i;Cz:@‘FC*‘E}CQ:%+C+2C2

O

Remark: It can be shown that f(z) = 2z(e* /% — 1) is the only function that satisfies the given
condition.

Jo sin(zt3) dt

40. Evaluate the limit lim
z—0 ;1]5

Solution: We first make the change of variable t = x=1/3u, dt = 27'/3du, to obtain:

4/3

f sin(xt®) dt = 2713 f sin(u®) du
0 0

Now we have:

i Jy sin(xt?) dt i /3 /0:174/3 sin(u?) du
im = lim

z—0 x5 x—0 .1:5
A
b Jy sin(u?)du
B z—0 3716/3
d 43 . 5
ve — [ sin(u?) du
L i 92
w0 16/3213/3
o lim sin(z*)-4/3 213

20 16/3x13/3
() . 1/3
- lim sin(z?)-4/3x
20 16/313/3
1. . sin(a?)

= —lim
z—0 ;134

1=

1
4

SR
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41. Suppose that f is a twice-differentiable function satisfying f(0) = -2, f’(0) = 11, f"(0) =
-8, f(2) =5, f'(2) =-3, f"(2) = 7; and also suppose that the function

o)== [y

has a critical point at © = 2. Determine whether the critical point of g at z = 2 is a local
minimum, a local maximum or neither.

Solution: We first observe that

o) =5 [T a)

FTC1 1

: 5  wyars - L[ pyar
0 f(t)dt+;f($)

and as ¢'(2) = 0 we must have —1/4[02f(t)dt+1/2f(2)=0, and hence
[ rwar=25) =

Now differentiating a second time we obtain that:

a5 [ xf(t)dt+§f(x))

FTCl

2 [T rwae- 5 [T i@ S5+ 2w
-5 [0 F)dt -~ () - ﬁﬂx) +27()

Substituting x = 2 in this we get

=2 [ @=L+ @) = -5 <0

and conclude that ¢ has a local maximum at = = 2. Il

42. Suppose that f is a continuous and positive function on [0,5], and the area between the
graph of y = f(z) and the z-axis for 0 <z <5 is 8. Let A(c) denote the area between the graph
of y = f(x) and the z-axis for 0 < x < ¢, and let B(c) denote the area between the graph of

y = f(z) and the x-axis for ¢ <z < 5. Let R(c) = A(¢)/B(c). If R(3) =1 and CCZZ—R =7, find
Cle=3
f(3).

Solution: We have A(3) + B(3) = 8 and R(3) = 1 = A(3) = B(3), implying
A(3) = B(3) = 4.
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As
A(c):/ocf(t)dt and B(c):fc F(6)dt,

differentiating these with respect to ¢ and using the Fundamental Theorem of
Calculus Part 1 we obtain A’(c) = f(¢) and B'(¢) = -f(c). In particular,
A'(3) = f(3) and B'(3) = -f(3).

On the other hand,

d (c) = d A(c) _ A'(c)B(c) - A(e)B'(c)
dc dc B(c) B(c)?

and letting c = 3 gives

7- iR(C) _A(3)B(3)-AB)B'(3) _ f(3)BB)+AB)f(3) _ f(3)
de s B(3)? B(3)? 2

and hence f(3) =14. O

43. Let f be a continuous function and let

o) = [ 5yl ~tldr

Express ¢”(x) in terms of f(z) for -1 <x < 1.

Solution: For -1 <z <1 we rewrite the definition of g(z) as follows:
1
T T ‘ 1 1
g [ F(1)dt - [ F(t)edt+ f F(t)tdt - xf F(1)dt
-1 -1 T T
Now we differentiate using the FTC1 to obtain:

g’(x):[ff(t)dt+x%/jf(t)dt—%[jf(t)tdt

+j—x[xlf(t)tdt—fxlf(t)dt—wj—xfxlf(ﬂdt

:[jf(t)dt+xf(x)—f(x)x—f(x)x—fxlf(t)dtmf(x)

:[jf(t)dt—f;f(t)dt

Using FTCI1 again we compute ¢”(x) to find

9@ = [ 1O @-vdi+ [ 5@y

@)= [Crwa- S [ i

= f(z) + f(2)
=2f(x)

for -1<z<1. O
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44. Suppose that a continuous function f satisfies the equation

f(:c)=:c2—:c+(1—x)/;th(t)dt+a:/:(t—t2)f(t)dt
for all x. Express f”(1/2) in terms of A = f(1/2).
Solution: We have
f'(z) =2z - 1—f0xt2f(t)dt+ (1—x)x2f(:1:)+/;(t—tz)f(t)dt—x(x—a:Q)f(a:)
:zx—1—foxth(t)dmle(t—tQ)f(t)dt

for all z, where we used the Fundamental Theorem of Calculus Part 1 twice:

L [Cermar £ a2

FTC1

1
[ a-ymd £ -0 ()
dx Jx
Differentiating again and using F'TC1 similarly we obtain:
fr@)=2-2>f(z) - (z-2*)f(z) =2 -2 f(x)

for all z. This gives f"(1/2)=2-1/2- f(1/2) =2- A/2. O

45. Evaluate the limit li 1 + 1 4o !
. Evaluate the limit lim [n ey —11.
n—o0 (2n+1)2  (2n+3)? (4n-1)2

1
Solution: Consider the function f(z)=—; on the interval [2,4]. If we divide this
x

2k
interval into n subintervals of equal length — using the points z, =2+ —,0< k< n,
n n
2k -1

and choose our sample points to be the midpoints ¢ = 2 + , 1 <k <n, of these

subintervals, the Riemann sum for these data becomes

L " 2k -1 n
Sienan-3 (a2 20 S

and the definition of the definite integral gives

& 2n 4 dx 1]4 1 1 1
hmZ—:/—:__ ——— ===,
n—oo I (2n + 2k — 1)2 2 22 xly 4 2 4

Therefore

) 1 1 1 1
nlrﬁlo(”(@ml)? Tnv3e T (4n—1)2))_§'

38



46. When pirates retire, they live on the Square Island which has the shape of a square with
10 hectometer (=hm) long sides. Having lived all their lives on it, the retired pirates want to
be as far away from the sea as possible. As a result, the pirate population density p(x) at a
point on the Square Island is proportional to the distance z of the point from the shore and
reaches its largest value of 15 pirate/hm? at the center of the island. Find the total number N
of the pirates on the island.

Solution: Firstly, we have p(x) = 3xz. Then we observe that the points on the
island whose distance to the shore are z hm lie on a square whose sides are parallel
to the sides of the island and 10 — 22 hm long.

10-2x
-
vl““.
=
—
A
& T+ Ax
i i

Now consider another square which consists of points whose distances to the shore
are r+Ax hm for some small positive Ax, and choose a x* which lies between = and
x+ Ax. Then the number of pirates living in the strip between these two squares is
approximately 4 - (10 — 2z) - p(z*) - Az.
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Hence N can be approximated by the Riemann sum
N~ 4-(10 - 2z;) - p(a]) - Ax;
i=1

for a partition 0 = zg < 21 < -+- < x,_1 < x, = 5 of the interval [0,5] and sample points
xf in [x;21,2;] for 1 <i<n, and in the limit we obtain:

N = /05 4(10 - 2x)p(x) dz

This gives:

5 5 1 5
N:f 4(10—2x)(3x)dw=24[ (5x—x2)dx=24[g:v2—§x3] - 500
0 0 0

There are 500 pirates living on the island. O]

Remark: Imagine that the entire landscape of the Square Island consists of just a mountain
and the altitude of a point that is horizontally z hm away from the shore is p(z) hm. Then
the island has the shape of a square pyramid with a 10 hm by 10 hm base and 15 hm height,
and N is now the volume of the island. Hence we have:

1 1
N = g(height)(area of the base) = 315 102 = 500

10 hun

10

Remark: Compare this example with Example 30 in Part 2.
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47. An island has the shape of a 10 hmx10 hm square and its landscape consists of a mountain
whose height h at a horizontal distance z from the shore is given by h = 22 where both h and
x are measured in hectometers (=hm). Let V' be the volume of the mountain.

a. Express V as an integral with respect to h by considering cutting the mountain into slices
as shown in Figure a.

b. Express V' as an integral with respect to x by considering cutting the mountain into
shells as shown in Figure b.

Figure a: Figure b:

c. Compute V.

Solution: a. A horizontal slice at a height h is approximately a prism with a
square base of side length 10 — 2z = 10 - 2v/h and height Ah, and therefore its
volume is approximately (10 -2z)2 Ah = (10 -2v/h)2 Ah. Hence the volume V can
be approximated by the Riemann sum

Vo~ i(lo ~2\/h;)? Ah;
i=1

for a partition 0 = hg < hy < ==+ < hy,_1 < hy, = 25 of the interval [0,25] and sample
points h} in [h;_1, h;] for 1 <i<n, and in the limit we obtain:

V= f025(10 ~oVh)2dh
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b. A shell at a horizontal distance x from the shore consists of four pieces each of
which is approximately a rectangular prism of dimensions x? x (10— 2x) x Az where
Az is the thickness of the shell. Therefore its volume is approximately 4 (10 -
2x) 22 Az . Hence the volume V can be approximated by the Riemann sum

Ve > 4(10 - 227) (27)* Aw;
i=1

for a partition 0 = zg < xy < +++ < x,_1 < x, = 5 of the interval [0,5] and sample points
xf in [x;-1,2;] for 1 <i<n, and in the limit we obtain:

5
V:f 4(10 - 2x) 2 dx
0

c. We use the integral in Part ¢ to compute the volume:

5 5 1P 12
V= f 4(10—2x)a:2d37:8/ (5x2—x3)da:=8[§x3——m4] = 50h 3
0 0 3 4 1o 3
48. Evaluate the following integrals.
a. / xsin(2?) cos(2?) da
1
b. [ xV1-xdx
0
Solution: a. Let u =sin(z?). Then du = 2z cos(z?) dx, and
1 u? 1
fx81n(x2)cos(x2)dx =3 fudu =5 % +C = 2 sin?(22) + C'.
b. Let u=1-=2. Then du=-dx, and x=0=u=1, x =1 = u=0. Therefore:
1 0 1
f xV1-xdr = / (1 -u)u? (~du) = f (u? = u3?) du
0 1 0
w2 w2t 2 2 4
132 52], 3 5 15
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Remark: In part (a), if we let u = cos(2?), then we obtain the answer

/ wsin(z?) cos(2?) dx = —i cos?(z%) + C';

1
and if we first observe that sin(z?) cos(z?) = 5 sin(2z?), and then let u = sin(2x?), then we

obtain the answer 1
f wsin(z?) cos(2?) dz = 3 cos(22?) + C'.

These are all correct answers. If we write
/ wsin(z?) cos(2?) dz = %1 sin?(2?) + C,
f rsin(2?) cos(2?) dx = —% cos®(x?) + Cy
/ wsin(z?) cos(x?) dx = —% cos(2z?) + C3

1 1
then02:C’1+Z—l and03201+§.

49. Show that f /() dr = = for any positive continuous function on [0, a].
o f(x)+ f(a-x) 2

Solution: Let I = foa ) -J:(fx()a—x) dx .

Let u=a—-x. Then du=-dx, x=0=u=a, x=a=u=0, and

@) g famw) fla-z)
] e e L feme e S ey e
Therefore
f(x) [ fa-a)
2= [ g e a T T e
[ f2)+ fla-m)
(@) + fla—a)

2/0 dxr =a

and [=§. ]

(See the remark on the next page.)
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Remark: Here is an explanation of what is going on with no integral signs: Consider the
rectangle with a vertex at the origin, and sides along the positive x- and the y-axes with
lengths a and 1, respectively. The graph of y = f(x)/(f(z) + f(a - z)) is symmetric with
respect to the center (a/2,1/2) of this rectangle, and therefore divides it into two regions of
equal area. Since the area of the rectangle is a and I is the area of the lower half, we have

=2,
2

1/2 1 [ )

0 a/2 a

50. Let R be the region bounded by the parabola y = x — 22 and the z-axis, and let V' be the
volume of the solid generated by revolving R about the z-axis.

a. Express V as an integral using the disk method. (Do not compute!)

b. Express V as an integral using the cylindrical shell method. (Do not compute!)

Solution: The parabola intersects the x-axis at x =0 and x = 1. Therefore we have

V:WfolR(x)Qd:z:=f01(x—x2)2d:U

for part (a).

height
radius

For part (b), the cylindrical shell method gives a y-integral,

d
V=27 f (radius of the shell)(height of the shell) dy
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as the region is revolved about the z-axis. We have ¢ = 0 and d = 1/4, the y-
coordinate of the highest point of the parabola. The radius of the shell is the vertical
distance from the red rectangle in the figure to the x-axis, which is y. The height
of the shell is the horizontal length of the rectangle; that is, the difference between
the z-coordinates of the right and the left sides of the rectangle. By solving the
1+/1-4y and o = 1-1-4y

equation y = x—x? for x, we find these values as x = 5 5 ,

respectively. Hence

1/4 /T~ 4y /14y
V=27rf y(1+ 21 y 1 21 4y)dy.
0
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51. Let R be the region bounded by the curve y? = 22 — 2*. Let V be the volume obtained by
rotating R about the x-axis. Let W be the volume obtained by rotating R about the y-axis.

a. Express V using both the disk method and the cylindrical shells method.
b. Express W using both the disk method and the cylindrical shells method.

c. Compute V and W.

Solution: By symmetry, V' is 2 times the volume obtained by revolving the portion
of R lying in the first quadrant about the z-axis. In the disk method, the red
vertical rectangles, when revolved about the x-axis, form the disks that are used in
the computation of V', and therefore the radii of the disks are given by Va2 — x*.

Hence: . .
V=2 7r/ (radius of disk)*dz =2 - 7T/ (Va2 -z4)*dx
0 0

Again by symmetry, W is 2 times the volume generated by revolving the portion
of R lying in the first quadrant about the y-axis. This time in the washer method,
the green horizontal rectangles, when revolved about the y-axis, form the washers
that are used in the computation of W.

To find the outer and the inner radii of the washers we have to solve y? = 22—z for x.
Applying the quadratic formula to (22)2-22+y? = 0 we obtain 22 = (1+/1 - 4y?)/2,
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and this gives us

x:\/(1+\/1—4y2)/2 and x=\/(1—\/1—4y2)/2

as the two nonnegative solutions. Hence:

1/2
W=2-x / ((outer radius of washer)? - (inner radius of Washer)Q) dy
0

= [ () - () )

2 2

Now we consider the cylindrical shells method for both volumes. When revolved
about the y-axis the red vertical rectangles generate the cylindrical shells that are
used in the computation of W, and therefore the heights of these shells are given

by Va2 - 4. Hence:

1 1
W=2.2r / (radius of shell)(height of shell) dz =2 - 27 f xVa?-ztde
0 0

When revolved about the z-axis the green horizontal rectangles generate the
cylindrical shells that are used in the computation of V. Therefore the heights

of these shells are given by \/(1 +/1-4y2)/2 - \/(1 —-+/1-4y?)/2. Hence:

1/2
V=2 2r (radius of shell)(height of shell) dy
0

1/2 1 1 - 492 1-+/1-442
oo [ yN “/72 yd 2 y)dy
0

Finally we compute the volumes. To compute V we use the integral we obtained
with the disk method,

1
3 b ] 4

1
V=2'7Tf (xQ—x4)dx=27T[——— =—
0 3 510 15

47



and to compute W we use the integral we obtained with the washer method

2(1+4\/1-4y2 1-+/1-4y?
W=2-7rf ( ! v y)dy
0

2 2
1/2
=27r/ V1= 42 dy
0

w/2 1
=27rf cosf - =cosbdb
0 2

/2
= 7r/ cos? 6 df
0
/2 1
=7r[ + cos 26 "
0 2
[9 sin 29]”/2
=m|=+
2 4 o
2
T4
. 1. 1
where we made the change of variable y = 3 sinf, dy = 5 cosdf. n

Remark: Compare this example with Example 36 in Part 2.

52. A water tank has a bottom consisting of a disk of radius a with 0 < a < 3, and a side surface
having the shape generated by revolving the graph of a continuous nonnegative function = = g(y)
for 0 <y <5 with ¢(0) =a and g(5) = 3 about the y-axis where all units are in meters. Assume
that:

(D As water runs out of a small hole at the bottom of tank, the speed of the water flowing
through the hole at any moment is proportional to the square root of the depth of the water
in the tank at that moment.

(2) The function g and the constant a are chosen in such a way that the depth of the water
changes at a constant rate at all times.

Find the volume of the tank.
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RL

x=g()

Solution: Let V' (h) denote the volume of the water when the depth is h. Then:

V(h) =7T/Ohg(y)2dy

Differentiating this with respect to time ¢ and using the Fundamental Theorem of

Calculus, Part 1 we obtain:
av dh
- = h)2 ==
ar MG

Using the condition (1) which says that dV'/dt = —k1V/h for some positive constant
k1 and the condition (2) which says that dh/dt = -k for some positive constant
ko, we conclude that g(h) = k- h'/* for some positive constant k. In particular,
a=g(0)=0, and g(5) = 3 gives k = 3/5/4. Therefore g(h) = 3n1/*/51/4,

Hence the volume of the tank is:

2 5
53 9r  y3?
= —_— /4 = — s — = 3
V(5) 7T/(: (51/434 )dy 572 372 ) 30T m
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53. Let V be the volume of the water-dropper shown in the figure on the next page which has
the shape obtained by revolving the curve z# + y* = 1 about the line 2 = -5/2 where all units
are in centimeters.

a. Express V' as an integral using the cylindrical shells method.

b. Express V' as an integral using the washer method.

1
c. Show that the improper integral [ w4 (1 —u)Y* du converges.
0

1
d. Express V in terms of A = / w3 (1 - )Y du.
0

Solution: a. The radius and height of the cylindrical shells are x — (-5/2) and
(1—a*)V* = (=(1 - 2*)1/*), respectively. Hence:

V=2r fll(radius) - (height) dz = 27 [11 (x + g) (=2 = (~(1-2M)V*) dx

b. The outer and inner radii of the washers are 5/2+ (1-y*)'/4 and 5/2 - (1-y*)/4,
respectively. Hence:

1
V=m / ((outer radius)? - (inner radius)?) dy
-1
) 2 2
=7Tf 2a -y (2 - -yt Jay
-1 \\2 2

c. Wehave 0<u<l=0<1-u<l=0<(1-u)Y/i<1l=0<u3/4(1-u)t/t<

1
u=3* for all 0 < < 1. Since f u™?* du is convergent (because p = 3/4 < 1), so is
0

1
f w4 (1 = u)** du by the Comparison Test.
0

d. We use the integral in part (b) and symmetry

1
V:107rf (1-yH) Y dy
-1
1
:207r/ (1- ") dy
0
1 1
:207rf (1-u)* —u3/du
0 4

1

:57Tf w3 (1 - )Y du
0

=5mA

as well as the change of variable y = u'/4, dy = 1/4 - u=3/* du. O
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54. Find the absolute maximum and the absolute minimum values of f(x) = (22 - 3)e® on the
interval [-2,2].
Solution: f/(x) = 2xe® + (22— 3)e® = (2% + 2x - 3)e®. We want to solve f/(z) = 0.
(22+22-3)e" =0 = 2*+22-3=0=12=1,-3.

Since -3 does not belong to the interval [-2,2], the only critical point is x = 1.
Hence we are going to compute f at the points x =1,-2, 2.

f(1)==2e, f(-2) =e2, and f(2) = €2. Since e > 1 we have e? > e=2 > —2e. Therefore
the absolute maximum is e? and the absolute minimum is —2e. [

55. Find the absolute maximum and the absolute minimum values of /2.

1
Solution: Let y = 2!/*. Then Iny = e Differentiating this with respect to x we
x
obtain
L 1 1
ldy d d Inyg 070" l-Inz d yp_ oapl-lnz
ydr dx Y i x x? x? dx x?

Since 1-Ilnx>0forO0<x<eand 1-Inz <0 for z > e, the absolute maximum value
of /% occurs at = = e and is e'/¢. x1/* has no absolute minimum value. ]

Remark: Although the reasoning above does not require it, let us also look at what happens
at the endpoints of the domain. Since

, o olnx M 1/x
lim Iny = lim — L lim L =0,

Tr—>00 Tr—>00 x’ Tr—>00

we have lim z'/* = lim y = lim ™Y = ¢ = 1. On the other hand, lir[l)l+ M =0 as 0% = 0.

Tr—>00 Tr—>00 Tr—>00

1 n
56. Evaluate the limit lim (— Z 2’“/”) .
n—oo /rL k:l

n

1 n
Solution: ) 2%/" = is a Riemann sum Y. f(cy) Axy for f(z) =27 on [0,1] for the
k=1 n k=1

partition x; = —, 0 < k <n, and the sample points ¢, = —, 1 < k <n. Therefore,
n n

n x 1
lim E 221‘7/" :f12xdx: 2 L
n—oeo \ M 0 In2 In2

0
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Remark: Alternatively, we can use the formula for the sum of a finite geometric series

2(n+1)/n 21/n 21/n

Z:: 21/n

~1  otm-1’
and then
12 21/n ot UH 2t4+¢-1n2-2¢ 1
lim | — Z ok | = lim ——— = lim —— % lim crtmers =—
nooo \ o nooo p(21/n —1) 507 20—1  i0¢  In2-2F In2

. 2
sinx )1/ *

57. Evaluate the limit lim(
x

z—0

1
=1 and lim — = oo, this is limit has the indeterminate
=0 I -0 ,Ig

] . . sinx
Solution: Since lim

form 1°°.

sin x
. 1/a In (—)
sinx x . . .
Let y = (—) . Then Iny = ———=. As z — 0, this will have the indeterminate
x x

form 0 and we can use L’Hopital’s Rule.

In(sinz) - Inx

limlny =lim
z—0 z—0

)
cosr 1
o nr T T CosT —sinx
z lim 3L L iy -
20 T >0  27r?sinw
L coST —xsinx —cosr . —sinz
L Jim 5 = lim —
z—0 4xsinx + 2x%cosx z—>048inx +2x cosx
sinx
) - -1 1
= m - x = = ——
=0  sinx 4+ 2 6
4 +2cosx

X

Here applications of L’Hopital’s Rule are indicated with vun. Then

: 1/x?
. (sinz . _
lim =limy = lime™Y = ¢/
z—0 x x—0 z—0

using the continuity of the exponential function. O]
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Remark: The first example of an application of L’Ho6pital’s Rule in Guillaume Francois
Antoine Marquis de L’Hopital’s book Analyse des Infiniment Petits pour l’Intelligence des

Lignes Courbes of 1696:

There is a typo. Can you find it?

cos(2z) — e~22*

58. Evaluate lim

z—0 sin* x
Solution:
lim COS(QC‘L')AL— g2’ lim cos(2z) — 22" . .xi
20 sin* z—0 x4 sin* x
_ iy 08(20) — e (lim = )4
-0 4 z—-0 sinx
lim cos(2z) — e22*
z—0 ,7;4
o iy, —28i0(22) + 4re2e’
z—0 43
MU —4cos(2x) + 4e72” — 16g2e20
= lim
z—0 1222
L 8sin(2x) — 48ze 22" + 64x3e 2
= lim
-0 24z
= lim (M —2e72 4 §(E26_2w2)
z—0 X 3
2 4
=—-2+0=-2
3 3

Remark: It is easier to solve this problem using the Taylor series, which will be seen in Calculus
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59. Find the value of the constant a for which the limit lim

cos(2z) — =2’

lim —
z—0 sin” x
2 4 6 _9,.2)2 _9,2)3
(1_(233) +(2:L’) _(2;1:) +---)—(1+(—2x2)+( 2x2) +( 2x?) +)
. 21 4! 6! 2! 3!
=lim 1
z—0 ;E3
3!
—Z—Lx4+@x6+
—lim 3 45
x—0 x4—2$6+
3
4 56 ,
——+ —x%+
:lirrol 3 515
T o1-Za2 4
4
-3

sin(z +azx3) -x .
exists and compute

z—0 .]75

the limit for this value of a.

Solution: We have

3 + 3 —
hmsm(x axd) - x

x—0 x5

L; lim cos(z +azx?)(1+3az?) -1
z—0 5l

Lf lim = sin(z + ax?)(1 + 3ax?)? + cos(z + azx3) (6ax)
2—0 203

Lf lim cos(x + ax®)(1 + 3ax?)? —sin(z + az?) - 3(1 + 3ax?)(6ax) + cos(z + az?)(6a)
20 6022 '

The numerator of the fraction inside this last limit goes to —1+6a as x — 0. Therefore
the limit does not exist unless a = 1/6. If a = 1/6 then

i sin(z +23/6) — x
z—0 x5
i cos(x +x3/6)(1+x2/2)3 —sin(z + 23/6) - 3(1 + x2/2)x + cos(x + 23/6)
20 60x2
is the sum of
cos(x +23/6)(1 - (1 +22/2)3)

lim
a0 6022
i cos(z +2%/6)(3/2+ 3[4 +2%/8) = 1
20 60 © 40
and
i = sin(z +23/6) - 3(1 + 22/2)x
z—0 6022
; 3 2 2
- lim sin(x + 23/6) lim (1+22/2)(1 +22/6) _ 1 '
z—0 T + ZL‘3/6 z—0 20 20
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Hence
lim sin(z +23/6) - x _ 3

-0 i 40 °

Remark: Once again there are shorter ways of doing this. If we use the Taylor series then

(z+ax?)® (z+ax?)®
3! " 5! o

(=5) = (m-29) 7
=r+|la-<|2°+|—=—=-za]x’+
6 120 2

and it is immediate that the limit exists exactly when a = 1/6 and then its value is —3/40.

sin(z + az®) = (z + az®) -

60. Let b > a >0 be constants. Find the area of the surface generated by revolving the circle
(z - b)%+y? = a? about the y-axis.

d da Y
Surface Area = 27 / x\|1+ (d_) dy
c Y

for a surface generated by revolving a curve about the y-axis. We have z = b+
Va2 —y? and x = b—+/a? — y? for the right and left halves of the circle, respectively.

Solution: We have

Then
d—x:q:L: 1+(@)2:L.
dy  \Ja2 -y dy a? —y?
Hence

Surface Area =27 fa(b+\/a2—y2)\/%dy
a A% —y

+27T'/_:(b—\/a2—y2)\/%y2dy

a 1
=4mab f T dy
o \Jq2 — Y

= 4mab arcsin (Q) ]
a

—-a

(e

= 4mrab (arcsin 1 — arcsin(-1)) = 4mwab (g - ( - 5)) = 4n%ab
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Remark: The surface generated by revolving a circle about a line (in the same plane) that
does not intersect it is called a torus.

d
61. Find y(1) if % =zy? and y(0) = 1.

Solution: We have

d d 1 1
y—xy :>—y—$dm:>/ fard — —=—22+C.
dz y? y 2
2
Then y(0) =1 = -1=C. Hence y = 5 2 This in turn gives y(1) = 2. O
-z

Remark: What would your answer be if the question asked y(2)?

62. Nitrogen dioxide is a reddish-brown gas that contributes to air pollution, and also gives the
smog its color. Under sunlight it decomposes producing other pollutants, one of which is ozone.
As nitrogen dioxide decomposes, its density decreases at a rate proportional to the square of
the density. Suppose that the density of nitrogen dioxide @ is 1/2 grams per liter at time ¢ =0
minutes and 6/25 grams per liter at time ¢ = 3 minutes. Find @ when ¢ = 15 minutes. (Assume
that no new nitrogen dioxide is added to the environment.)

Solution: We have dQ/dt = —kQ? where k is a positive constant. Then dQ/Q? =
-k dt and integrating we obtain —1/Q) = =kt + C' where C' is a constant.

Letting ¢ = 0 minutes we find -1/(1/2) = -1/Q(0) = C, hence C = -2 liters per gram.
Now letting ¢ = 3 min gives —1/(6/25) = -1/Q(3) = -k -3 -2 and hence k = 13/18
liters per gram per minute. Finally we obtain @ = 18/(13t + 36).

Using this we compute the density of nitrogen dioxide as Q(15) = 6/77 grams per
liter after 15 minutes. [

63. A pool, like the one in front of the Faculty of Science Building A, loses water from its sides
and its bottom due to seepage. For a pool with radius R and depth H in meters, the rate of

this loss in m3/hour is given by

d_V = —aR*h - bRh?
dt
where V' is the volume of the water in cubic meters, ¢ is the time in hours, / is the depth of

the water in meters, and a and b are constants independent of R, H and h.

Consider a pool with H =1 m, R=6 m and a =b=7/500 1/hour.

S
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a. Find the depth of the water h as a function of time ¢ if h =1 m when ¢ =0 hour.

b. The term aR?h on the right side of the equation represents the rate of loss due to seepage
through the bottom of the pool. Find the total volume of the water that seeps through the
bottom while the initially full pool completely empties.

Solution: a. We have:

V = nR2h —> 7 R2%h = ——— R2h — —— RR?

500 500
1 1
2. h=-——62-h——6-h?
=0 500 0 5000
6 dh dt

S — = ——
h(h+6) 500

11 dt
- dh = ——
:>(h h+6) 500

— — Ae—t/SOO
h+6

Substituting A =1 m when ¢ = 0 hours in this last equation we find A =1/7. Hence
h=6/(7et/590 - 1) for t > 0.

b. The volume of the water lost through the bottom of the pool is

t=c0 s o 6
_ 2 _ 2
Volume= [ " aRhdh = 6 [
oo e=t/500 ¢t [500) T du 5
= 2167 \[0 W = 2167I"/6 ; =2167 1n(7/6)m
where we used the substitution u =7 —e™#/50  dy = e=1/5%0 dt /500 . O

64. Some students believe that Bilkent Math 101 exams get more difficult as time passes. This
is in fact true. The difficulty level H(t) of these exams satisfies the differential equation

dH
= - fge
dt

with the initial condition H(0) = 1, where t is time measured from Fall 1986 in academic years
and a is a constant whose value is a secret.

There is a quatrain in Nostradamus’s Les Propheties which can be interpreted to be about
Bilkent Math 101 exams.

a. According to one interpretation, the exams will become infinitely difficult in Fall 2021.
Accepting this interpretation, find the difficulty level of the exams in Fall 2016.

b. According to another interpretation, the exams will be twice as difficult in Fall 2021 as
they were in Fall 1986. Show that a must satisfy —8 < a < -7 if this is the case.
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Solution: a. We have H*dH = dt. If a = 1, then integration gives In|H|=t+C
for some constant C, and the initial condition H(0) = 1 implies that C' = 0. Hence
|H| = e!, and by continuity we have H = e’. On the other hand, if @ # 1, then
by integration we obtain H=%*1/(-a + 1) = t + C' for some constant C. Using the
condition that H(0) =1 we get C'=1/(-a+1) and hence H = ((1 - a)t+1)/0-2).

We want tlig}gﬁ H = oo. Among these solutions this is possible only if (1-a)-35+1 =0

and 1/(1-a) < 0. So we must have a = 36/35. Therefore H = (1 -1¢/35)7%. In
particular, H(30) = 73°, and the exams of Fall 2016 are 73° times as difficult as
those of Fall 1986.

b. This time we want H(35) = 2. Since €3 > e > 2, this is not possible if a = 1.
Therefore H = ((1-a)t+1)1/(-9) for some constant a # 1 and ((1-a)-35+1)1/0-a) = 2,
In other words, 36 — 35a = 2% and a # 1.

Consider the function g(a) = 36 —35a —2'-%. We have f'(a) = -35+1n2-2!-¢ which
is 0 only when a = log,(2(In2)/35). Therefore, by Rolle’s Theorem, f can have
at most one more zero beside a = 1. On the other hand, f(-8) = -196 < 0 and
f(=7) =25 >0, and f must have a zero between -8 and -7 by the Intermediate

Value Theorem. We conclude that H(35) = 2 is possible for exactly one value of a
and this value lies in the interval (-8,-7). [l

65. Suppose that f is a function that has a continuous second derivative and that satisfies
f(0)=4, f(1)=3, f/(0)=5, f/(1)="7, f"(0) =8 and f(1) =11. Show that:

[ 1@<

Solution: We first do an integration by parts with u = f(z), dv = f"(x) dx, hence
du = f'(x) dz, v = f'(z), to obtain:

[ @@ @) - [frwy

The first term on the right is equal to f(1)f'(1) - f(0)f(0) =3-7-4-5=1, and
the second term is nonnegative as (f’(x))? > 0. The result follows. O

Remark: It can be shown that:

[ r@ i <o

66. Evaluate the following integrals.

a. fsinSx sin 2x dx
elnx

b. /—d
1 \/E v
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Solution: a. We use the identity sin2x = 2sincosx to obtain

f sin® z sin 2z dx = f sin® z2sinz cosz dx
= 2/ sin* z cosz dx
=2 f ut du
= —u +C
5
2
=Zsin®z+C
5
after the substitution u = sinx, du = cosx dx.

b. The substitution u = \/z, du = dz/(2\/x) gives:

elnx

! \/de 4/ Inudu

Je
= 4[ulnu—u:|

1

=4(Velnve-+e+1)
=4-2\/e

Remark: There are other ways of doing these. Here are some:

Solution: a. Use the double-angle formula sin?x = (1 - cos2z)/2 and then the
substitution v =1 - cos2x, du =2sin2x dx:

1-cos2x 5
/sinsw sin2xdx:/(T) sin 2z dx

3/2 du
4¢”/h
24 C

10\/r
10¢_

Or you can run this by simply saying u = sin® z, du = 2sin x cos & dx = sin 22 dz and:

[sin3x sin2xdx=fu3/2du

2
=4 C
)

(1-cos2x)°? +C

2
=— +C
58111.1}'

60



Or use the identity sin® z = (3sinz —sin 3z)/4 and the trigonometric product to sum
formulas:

fsin?’x sin2xdx=/i(331na:—sin3x) sin 2x dx
=if(BSinxsin2x—sin3xsin2x) dx
:%f(3(Cosx—cos3x)—(Cosx—cos’c')x))dx
:é/(cos5x—3cos3x+2cosx)d$

1 . 1

1
= —sinbr - - sin3x + - sinx + C
8 4

40
Or, if you are willing to go complex, use the identity sinf = (e? - e=)/(2i):

. R .
) ] e _ p=it 622:1: _ 6—2130
[ sin® x sin 2z dx = [ - - dx
21 21

16 [(6511 =5tz _ 3e3ix _ 36732'3: ¥ 2€ix + 2671':1:) dr

eSw: _ €—5z$ e3i$ _ e—3iz eim _ e—m
, - , +2 , +C
16 5!

7 [ 7

1 1
= —sinbxr — — sin3x+1 sinxz +C

40 8

b. Do integration by parts:

/eln—mdm [ Inz d(2\/x)
:[Qﬁlnx]l—/j%/}%
:wg-gfle%

oy alval,
=2e—-4\/e+4
=4-2\/e

Or do the other integration by parts first,
¢lnx e 1
—dx = / — d(x Inx -
[ \/E 1 \/_ (:C ne x)

xlnx T f zInz - x
- VT ) 2 32

and then from



solve for

elnx
——dr=4-2/c.
l ﬁd:’f Ve

Or first do the substitution x = e%, dx = ¢“ du, and then do an integration by parts:
¢lnx L
— dx = f e’ du
f1 VT 0 e
1
= / we? du
0
1
= [ wd(2e"/?)
0
= [2ue“/2]1 - 2[16“/2 du
0 0
_ 9. 1/2 _ 4l u/2]t
=2e 4[6 ]0

= 21?2 — 4el/? + 4
=4-2\/e

67. Evaluate the following integrals:

a. eV dx

b. [vl—:ﬂd:c

Solution: a. We first do a change of variable x = {2, dx = 2tdt,

[eﬁdx=2[tetdt

and then do an integration by parts, u =t,dv = ¢! dt = du =dt,v = e:

:2tet—2/etdt

=2tet - 2et + C
= 2 /xeV" = 2eV7 +

b. We use the trigonometric substitution x = sinf, —

bo | 3

S@Sg. Then dz = cos df
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and V/1-22=V1-sin?6 = cos26 = |cos | = cos§ as cosf > 0 for —géﬁég.

/\/1—:B2d:v=f0059~0089d0

:fcos20d9
1
:§f(1+(30820)d9

1 1
=§9+Zsin29+0

1 1
=—0+—=sinf cosf +C
2 2

1 1
=§ arcsinx+§x\/1—x2+0

1-22

7r T
c. We use the trigonometric substitution z = tan#é, -3 <f< 5 Then dx = sec? 6 df

and 22+ 1 =tan?0 + 1 = sec26.
dx sec? 0
= do
/ (22 +1)2 (sec?0)?
= /COSQQdQ

:% f(1+cos29)d9

219+lsin29+0
2 4

1 1
=§9+§sin00030+0

1 1 T 1
= — arctanx + — -

. +C
2 2 Va2+1 Vaz+l
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Remark: Other methods can also be used. For instance, the integral in part (b) can be done
using integration by parts.

68. Evaluate the following integrals:

1/2
arcsmmdx

1/2
1/2

[1/2 r+V1-2a?

f°° dx

C.
o l+e*
Solution: a. We first re-write the integral as follows:

1/2 1/2 1 12 _gp
arcsm rdr = arcsin x dx + f arcsin x dx
l/2 1/2 1—22 -1/2 /1 = 22

The first integral on the right vanishes as the integrand is odd and the integration
interval is symmetric about the origin. We do integration by parts for the second

T
integral with u = arcsinz and dv = dx, and hence du = and v =
V1-22 1-22
1—a2
1/2 _ 1/2 1/2
f arcsin L dx = [arcsinx 1- xQ] - f dr=——-1
-1/2 1- 22 -2 J-1)2 2\/_
Therefore:
1/2 1—

arcsmxdx =——-1

1/2 \/§

b. We start by changing variables ¢ = sin @, dt = cosfdf.

/‘1/2 76 cos@df

1/2 x+\/1—x2 _r/6 sinf + cos 6
_ [ cosf(cos —sinf)
- fﬂ'/6 cos? 6 —sin’
1 7/61 +cos20 —sin 20
"2 71'/6 cos 26

1
=5 f (sec20 + 1 —tan20)do
/6

do

do

171 /6
== [—ln|tan29+se026| +0- —1n|se029|]
212 2 a6

:%]n(\/g+2)+—

c. Let u=e*+1, du=-e*dx. Then

dz :f e” dx:_[du__1n|u|+C——ln(1+ex)+C
u

1+e® er+1
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and from this

/oo dx tim [ dx =—lim[In(1+e™®)]§=-lim(In(1+e°)-1n2) =1n2
0 C

— 00

I+e* coeoJo 1+e” c>00

follows.

Remark: Here is another way of doing part (c). Let u = e®, du = e® dx. Then

dr et dx
m_./e$+(em)2
B du
_./u+u2
=/(l— L )du
u l+u
=Infu|-In|l+u[+C
=z-In(l+e")+C

and from this

*° dx , ¢ dx
[ = hmf
0 l+e? coeoJo 1+e”
= lim[z - In(1+¢€")]§
=lim(c—In(1+¢e°) +1n2)
= lim(-In(e™) - In(1 +¢e°) +In2)
=lim(-In(e™®+1) +1n2)
=In2

follows.

69. Evaluate the improper integral

f‘x‘ dx
o (ax+1)(z2+1)
where a is a positive constant.

Solution: We have the partial fraction decomposition

1 1 a>  ar-1
(ax+1)(22+1) a2+1\ax+1 22+1)°

Hence:
/ & - / @ da:—[—ax_ldx
(ax+1)(22+1) a2+1 ar + 1 241
1
=T (aln|a$ +1| - g In(z?+1) + arctan(w)) +C.
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Therefore:

foo dz = lim fc dr
o (az+1)(22+1) oo (az+1)(22+1)

c

1
= lim aln|ax+1|—g In(2? + 1) + arctan(z)
a?+1 cooo 2 0
L 1i In(ac+1) a1(2+1)+acta
= im | aln(ac - —In(c rctan c
a?+1 coo 2

—a1n1+g lnl—arctan())

a . ac+1 1 .
= lim In + lim arctanc

a?+1 cooo 241 a?+1 cooo
1 T
= — alna + —
a’®+1 2
. +1 . T
as lim =¢a and lim arctanc=—. L]
c—o00 C2+1 c—00 2

70. The curve y = 1/z, > 1, is revolved about the z-axis to generate a surface S and the
region between the curve and the z-axis for x > 1 is revolved about the x-axis to generate a

solid D.
a. Show that D has finite volume.
b. Show that S has infinite area.

Solution: a. Using the disk method we obtain

oo [e) d
Volume =7 f R(x)*dr=m / —Z :
1 1
Since p = 2 > 1, this integral converges.

b. The surface area formula gives

Surface Area=27rf yv 1+ (y)? dx=27r[ —\/1+—dx.
1 1z x

1 1 1 ©d
We have — /1 + — 22— 20forz>1, and f % _ . The surface area is infinite
x T x 1T

by the Direct Comparison Test. O

Remark: We want to get the surface S painted for a reasonable, finite price. We offer the job

to Painterl and Painter2.

Painter! says: “It cannot be done. S has infinite area, it cannot be painted with
finite amount of paint.”

Painter2 says: “It can be done. D has finite volume. We can fill the inside of .S
with volume(D) cubic units of paint and let the excess paint run out.”
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Whom should we believe?

71. Let n be a nonnegative integer. Show that f t"e " dt =nl.
0

Solution: We use induction on n.

o et n=0. Then/ etdt=1=0!.
0

e Let n >0 and assume that / t" et dt = (n-1)!. Integration by parts gives
0

[ele) C
f t"etdt = lim et dt
0

C—>00 0
= lim ([-t"e ], + n[ t" et dt)
C—> 00 0

= lim [-t"e™']; + n/ t" e tdt
0

C—> 00

=n / t" e tdt
0
=n-(n-1)!

=nl

where lim ¢"e™°

C—>00

=0 can be seen after n applications of L’Hopital’s Rule. O

Remark: The Gamma function is defined by

[(z) = footx_le_t dt
0

for x > 0. It can be shown that the improper integral on the right converges if and only if x > 0.
Note that 0 is also a “bad point” besides oo for 0 <z < 1.

A calculation similar to the one in the solution above shows that I'(x + 1) = 2I'(x) for = > 0.
This relation I'(z) = I'(xz + 1)/« can be used repeatedly to define the Gamma function for all
real numbers which are not nonpositive integers.

Since I'(n+1) = n! for all nonnegative integers n, we can use the Gamma function to define the
factorials of all real numbers which are not negative integers by x! = I'(xz + 1). In particular,

1 o0 o0 2
(—5)!4(1/2):] t-1/2e-tdt:2f o du=2~\/;=ﬁ.
0 0

The volume of an n-dimensional ball with radius r is 7/2r"/(n/2)!. Check this formula for
n =1 (the interval [-r,7]), n =2 (the disk with radius r), and n = 3 (the sphere with radius 7).
The case n =4 will be seen in Calculus II

~ Inx

dr=0.

72. Show that f
o x2+1
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Solution: First of all, by definition,

o ] 1] © ]
/ 1Y d:z,‘:[ ne dx+f T dx
o 22+1 0o x?2+1 1 x?+1
and the improper integral on the left converges if and only if both basic improper
integrals on the right converge.

Counsider f In $1 dz . Note that 0 < Inz < ln_x for z > 1. On the other hand,
1

2 + 2417 22
oo |
[ ﬂ dr = f te tdt
= lim te‘ dt
C—> 00 0

C—>00

- CIEE, ([ - te’t]; + /Ocet dt)

= lim (—ce‘c - [e_t]c)

=lim [ td(-e™)
0

c—00 0
=lim (—ce™-e“+1)
C—> 00
=1

where we used the substitution = = ef, dx = et dt, followed by the definition of the
improper integral, then an integration by parts and finally the limit

c M 1
limece ™ =1lim— = lim —=0.
Cc—00 c— 00 eC c— 00 €C
. . . ) © Inx
Therefore by the Direct Comparison Test the improper integral f o dx
converges. Lo
L lnx
Now the convergence of 5 dx follows as
o z4+1

L] I In(1 - e ]
[ nw o /‘ n(l/u) -du :_[ nu_ o
0o x2+1 o (1ju)?+1 u? 1 1+u?
where we used the change of variable x = 1/u, dz = —du/u?, and this also gives:
) 1 0o
f Inz d = f Inz do + /‘ Inz I
o x2+1 o z2+1 1 22+1

oo 1 ()
:—f 0 dx+/ Inz drz =0
1 x2+1 1 x2+1

]
o lna:
Remark: Instead of computmg f —— dx, one can show its convergence using the
1nx
comparison () < —- < 3/2 for x > 1 and the fact that f — is convergent as p =3/2> 1.
x x
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1 1
Here the fact that % < e for x > 1 can be seen as follows: Consider f(x) =+/z —Inx on

[1,00). Then f'(x)=1/(2/z) - 1]z = (\/r —2)/(2x) and = =4 is the only critical point. Since
f'(z) <0 for <4 and f'(z) >0 for >4, f(4) =v4-1In4=2-2In2=2(1-1n2) > 0 must be
the absolute minimum value of f on [1,00), and we are done.

dz

e—ﬁ?

73.% Determine whether the improper integral f converges or diverges.
0

eI

Solution: By definition,

f © dx f 1 1 f © dx
= +
0 ert—e?® 0 et —e* 1 e¥—e®

and the given integral converges if and only if both of the integrals on the right
hand side converge.

first. Since we have the linearization

1
Let us consider /
0

65!3 — 6—5!3

ef—eTrn(l+z)-(1-x)=2x,

centered at x = 0, we expect 1/(e® —e™*) to behave like 1/(2x) near the “bad point”
0, and therefore this integral to diverge.

In fact, we have

1/(e* —e® LH 1 1
L=t M=) T Ly -
z—0* 1/z 20t €T — e a0t e et 2
) Ydx .
Since 0 < L < oo and / — is divergent (because p = 1 > 1), we conclude
0o T

L de ) .. ) © dx
that / diverges by the Limit Comparison Test. Therefore /

0 e*¥—e?® 0 et—e?®

diverges too.

Remark: The other improper integral on the right hand side converges. We have

1/(e7 - e 1
L=tim LD -1,
T—>00 e~z T—oo | — 2%

Since 0 < L < oo and

o) C
f edr=1lim [ e*dr=lim[-e*]{=lim(-e“+e!)=et<o0,
1 c—>00

Cc— 00 1 Cc— 00

dx

6:1: — e*lﬂ

we conclude that f converges by the Limit Comparison Test.
1

() 1 _ 6—1/:17
VT

*Examples marked red are not part of the Fall 2016 Syllabus.

*Examples marked red are not part of the Fall 2016 Syllabus.

74.* Determine whether the improper integral / dx converges or diverges.
0
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Solution: By definition,
o 1 — efl/x 11— efl/ac p oo 1 — e—l/x
——dx = —dx + _
0 N o VT 1 N
and the given integral converges if and only if both integrals on the right hand side
converge.

dz

On one hand, since

1-elf=
L = lim _vT = lim (1 -e¥*) =1
-0 L -0t
VT
. " Ldx
is a positive real number, and f 7 converges as p = 1/2 < 1; we conclude that
0 VT

11- e—l/x
o VT

On the other hand, since

dz converges by the Limit Comparison Test.

1—e 1/
1-e ez 1-et4H -t
Lo lim—Y" g 2 L g ey
00 1 T—00 1/1‘ t—0% t t—0t 1
2302

. . ° dx
is a positive real number, and f —3jz converges as p = 3/2 > 1; we conclude that
1 x

oo 1 _ 671/1
——— dx also converges by the Limit Comparison Test.
1 NG
%) 1 _ 671/1’
Hence dx converges. O]

o VI
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PART 2: MULTI-VARIABLE FUNCTIONS

1. Consider the point P(3,-5,1) and the line L:x =2t -1, y=-t+2, 2=-2t; —c0o <t < 00,
a. Find the equation of the plane passing through P perpendicular to L.

b. Find the equation of the plane passing through P and containing L.

Solution: a. The line L is parallel to the vector v = 2i — j — 2k . Therefore we can
take the normal vector of the plane to be n = 2i — j—2k. Then the equation of the
plane is 2- (z=3) +(-1) - (y - (-5))+(-2)-(z=1) =0, 0r 20—y -22=9.

b. A normal n to the plane containing the line L ald) the point P will be
perpendicular to v, and it will also be perpendicular to PQ) where () is any point
on the line. We can take Q(-1,2,0), the point corresponding to ¢t = 0, and then
F@ =-4i+7j - k. Now we can take the normal vector v to be

ik
n=vxPQ=|2 -1 -2|=15i+10j+ 10k,
4 7 -1

or in fact n = 3i+ 2j + 2k. Then the equation of the plane is
3-(x-3)+2-(y-(-bH))+2-(2-1)=0,

or3r+2y+2z=1. 0

2. Consider the plane & : 3z — 4y + z = 10, and the points P(2,3,-1) and Q(1,2,2).
a. Find the equation of the line passing through P perpendicular to &.

b. Find the equation of the plane passing through P and @) perpendicular to Z.

Solution: a. Since n = 3i-4j+k is normal to the plane, it will be parallel to any
line perpendicular to the plane. Hence we can take v = 3i—4j+k, and the equation
of the lineis x=3t+2, y=-4t+3, 2=t-1; —co<t< 0.

b. A plane perpendicular to & will have a normal n’ perpendicular to the normal
n=3i-4j+k of Z. &s}o a plane containing the points P and ) will have a normal
n’ perpendicular to PQ = —i—j+ 3k. Therefore we can take n’ to be

. i j k
n=nxPQ=|3 -4 1|=-11i-10j- 7k,
-1 -1 3
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or rather n’ = 11i + 10j + 7k. This gives the equation of the plane as

11-(x-2)+10-(y-3)+7-(2-(-1)) =0,
or 11z + 10y + 7z =45.

3. Find a parametric equation of the line L that intersects both of the lines
Li: z=2t-1, y=-t+2, z=3t+1

and

Ly: x=5+5, y=2s+3, z=-s

perpendicularly.

Solution: v; =2i-j+ 3k and vy =i+ 2j —k are the velocity vectors of the lines L,
and Lo, respectively. Hence,

i j k
v=[2 -1 3|=-5i+5j+5k
1 2 -1

is a velocity vector for L. So we may take v=1-j—k.

Then
i j k
n=vxvy=|1 -1 -1[=-4i-5j+k
2 -1 3

is normal to the plane & containing the lines L and L;. As P(-1,2,1) is in &,
an equation of & is

~4-(z-(-1))+(-5)-(y-2)+1-(2-1) =0,
or 4z + by — 2z =5. At the point F, of intersection of & and Ls, s satisfies:
4-(s+5)+5-(2s+3)-(-s)=5

Hence s = —2. Substituting this back in the equations of Lo gives Fy(3,-1,2).
Therefore an equation of L is:

r=t+3, y=-t-1, z=-t+2; (oo <t<0).

72



4. Let ¢ be a constant. Show the angle between the position and the velocity vectors along the
curve r = e costi+esintj, —oo <t < oo, is constant.

Solution: We have
r=e%costi+evsint]j

and

v=—=(cecost—e"sint)i+ (cesint +e“cost)j.

dt
Then
Ir| = ((e COSt)2 + (et sint)2)1/2 = et

V| = ((ce cost — e sint)? + (ce®sint + e® cost)?) /2 = V2 + 1e

r-v=ec%cost-(cecost—esint) +esint- (cesint + e cost) = ce*.

Therefore, if 0 is the angle between r and v, we have

r-v ce?t c
cosf = = = ,
lt|[v] et \/2+let V241
and we conclude that 6 is constant. O]

/AN
&

D
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5. In the xyz-space where a flyscreen lies along the plane with the equation
2r+y—-2z=1,

the trajectory of a bee as a function of time ¢ is given by
r=ti+t?j+k

for —oo <t < 0.

a. Find all times ¢ when the bee is flying parallel to the screen.
b. Find all times ¢ when the bee is flying perpendicular to the screen.

c. There are holes in the screen through which the bee passes. Find the coordinates of all
of these holes.

Solution: a. The normal vector of the plane along which the screen lies is n =
2i +j — 2k, and the velocity vector of the bee is v =i+ 2tj + 3t?k. The bee is flying
parallel to the screen whenever these two vectors are perpendicular to each other;
in other words, whenever n-v = 0. Asn-v =2+ 2t —6t?, we want 3t>?-t—-1=0.
Hence t = (1 ++/13)/6 are the times when the bee is flying parallel to the screen.

b. The bee is flying perpendicular to the screen whenever n and v are parallel
to each other; in other words, whenever 1/2 = 2¢/1 = 3t2/(-2). This implies ¢? =
-1/3 which is not possible. Therefore there is no moment when the bee is flying
perpendicular to the screen.

c. Substituting the coordinates x = t, y = t2, z = t3 of the position of the bee
into the equation 2x +y — 2z = 1 of the plane we obtain 23 -2 -2t +1 = 0. As
203 =12 -2t +1 = (2t - 1)(t = 1)(¢t + 1), the fly is in the plane of the screen when
t=1/2,t=1,t=-1. These times correspond to the points (z,y,z) = (1/2,1/4,1/8),
(1,1,1) and (~1,1,-1). O
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2
6. a. Show that lim (‘;EL =0
(z,y)—(0,0) x° + y

b. Show that Ilim Gx_y does not exist.
(z,)~(0,0) 25 + 32

Solution: a. We have 0 < y? <%+ 4?2 for all (z,y). Hence

0<

<laf -1 = x|

x6+y x6+ 2-

for all (z,y) # (0,0). Since ( l)ingo 0 |z| = 0, the Sandwich Theorem gives
x?y - K

2
lim ny =0
(z,)~(0,0) 28 + 2

b. The limit along the z-axis is

Ty . x-0
lim —=hm—2—hm0 0,
(2y)—(00) x6+y2 25026 +02 2-0
along the z-axis

whereas the limit along the y = x line is

lim = lim =lim
(z,y)—(0,0) 26 + y2 08 + 02 =024 +1
along the line y =«

does not

Since these two limits are different, the two-variable limit  lim 5
(2.9)~(0,0) 28 + 72

exist by the Two-Path Test. O]

Remark: Sertoz Theorem tells exactly when such limits exist:

Let a and b be nonnegative real numbers, and ¢ and d be positive real numbers.

b al,,|b
oIfg+—>1,then lim L‘md=
c d (2,9)~(0,0) |z|° + |y

b alq,|b
o If e, p <1, then lim M does not exist.
c

(@y)~(0,0) |z|° + [y[?

Let a and b be nonnegative integers, and ¢ and d be positive even integers.

zayb o

b
o If g+—>1,then lim
¢ d (z,9)~(0,0) € + Y

a,,b
does not exist.

b
o If g+—£17then lim
c d (z,9)~(0,0) € + Yy
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A proof of the first version can be found in http://www.fen.bilkent.edu.tr/ otekman/calc2
/sertoztheorem.pdf. A proof of the n-variable case of the second version can be found in
http://sertoz.bilkent.edu.tr/depo/limit.pdf.

7. Determine all values of the constant o > 0 for which the limit
2,3
Y
(zy)~(0,0) [z + |y|*

exists.

Solution: We observe that

. 2yt W)Yy 1
hHl —_— = hHl —_—— = hm _— hHl —_— .
@y)~00 | +lyl* w0 [P+ [yl v=0 |y v-0 1+ Jylo?
along the curve x =y

1
lim———— is 1 if @ > 9 and 1/2 if @ = 9. On the other hand lim 2 does not

y=0 1+ |y|*=? v=0 [y|
: . w23 ‘ :
exist. Therefore the limit of W along the curve x = y? does not exist, and
z Y
2,3
consequently the two-variable limit  lim ————— does not exist either for a > 9.

(@y)~(0,0) |z + [y

Now we will show that the limit is 0 if o < 9. We have

(lzl/lyl*)?

223 _ W
(ll/lylo2)? + 1

0<

3-a/3 3-a/3
| |

<ly

j? + [yl

for all (x,y) # (0,0). Here we used the fact that if ¢ > 1, then ¢? < #3 and hence
2 2

<1,and if 0 <t <1, then t? < 1 gives
t3+1

: : 3-a/3 _
BT 1. Since (w’yl)lil(lop) |yl =0 for

=0 follows by the Sandwich Theorem. [

2,,3
a<9, lm — 7
(@y)=~(0,0) |23 + |y

8. Determine all values of the positive constant £ for which the limit

R
(z.y)~(0,0) (x2 +y?)k

exists.

DN | —

1
Solution: The limit exists for k < 3> and does not exist for k >

1
Suppose k < 7 We have 0 < 22 < 22 +y? for all (z,y), and hence

ke
2] o _
0<—2)k3|$|1 L [ R

x? +y?
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for all (z,y) # (0,0). Since 1 -2k > 0, we have |z|'?* - 0 as (z,y) — (0,0).

Therefore ]

x

lim —————=0
(z.9)~(0,0) (22 +y2)*
by the Sandwich Theorem.
1
Suppose k = 5 Then
T i T L B TS R

(2.9)-00) (22 +y2)/2 250 (22 +02)Y2  2-0
along the z-axis

e o o
(z’yl)lf(lom (x2 T y2)1/2 - 1;1% (02 T y2)1/2 - }}E%O =0,
along the y-axis

||

Since these limits are different, the two-variable limit  lim does not

(@0)~(00) (22 + y2)112
exist by the Two-Path Test.

Suppose k> 1/2. Then

|| . |

I — " —lim—1 =1 1-2k _
(x,yl)lggoﬂ) (22 +y2)k a0 (22 +02)F 15»1(1) 21 0
along the z-axis
||

does not exist. Therefore the two-variable limit lim does not exist

(2,)~(0,0) (22 + y?)*
either. ]

9. Let

xayb

xt+ 90

f(z.y) =
0 it (x,y)=1(0,0)

if (z,y)#(0,0)

where a and b are nonnegative integers. In each of (a-e), determine whether there exist values
of a and b for which f satisfies the given condition.

a. f(x,y) is continuous at (0,0).

b. f(x,y) goes to 1 as (z,y) approaches (0,0) along the line y = x, and f(z,y) goes to —1
as (x,y) approaches (0,0) along the line y = —x.

c. f(z,y) goes to 0 as (x,y) approaches (0,0) along any line through the origin, and the

limit  lim x,y) does not exist.
(Ivy)—>(070)f( 2

d. f(x,y) goes to 0 as (x,y) approaches (0,0) along any line through the origin except the
y-axis, and f(x,y) goes to 1 as (z,y) approaches (0,0) along the y-axis.

e. f.(0,0) and f,(0,0) exist, and f(x,y) is not differentiable at (0,0).
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Solution: a. If a =4 and b = 1, then f is continuous at (0,0). This follows from
the Sandwich Theorem as

0<|f(z,y)| = Jyl < 1-y| <yl

4+y S 2t yb
for (z,y) # 0 implies that the limit of f(x,y) at (0,0) is 0 = f(0,0).

b. Let a=3 and b=1. Then

x4 1
lim T hm T, T hm = lim =1
e flz,y) =lim f(z,2) = lim ——— = lim -——
along the line y=x
and
I 1 lim —% i -
(rvy)lir(lo,o) J(@.y) = nnf(a: o) = 20420 a0 1+a?
along the line y=—x
c. Let a=2 and b=3. Then we have
. ) m3x® . m3x
Ty T@) =l fma) =lim e = i s =0
along the line y=mx
as well as
lim z,y) =lim f(0,y) =lim0=0.
L f(z,y) =1lim f(0,y) =lim
along the y-axis
However,
lim f(z,y) = hm f(z,2%3) = lim = lim1 =—#40
(m,y)»((],o) z—0 1’4 + .T4 z—0 2

along the curve y=x 2/3

and hence the limit of f(x,y) at (0,0) does not exist by the 2-Path Test.

d. Let a =0 and b =6. Then we have

. mOa6 ) mOz?
oty TL09) =R e = e = I T e
along the line y=ma«
and o
lim T = hm 0 = hm = hm 1=1.
L f(x,y) =lim f(0,y) = i

along the y-axis

e. Ifa=1and b=1, then f(z,y) is not differentiable at (0,0) as it is not even
continuous there. This can be seen by considering its limit along the line y = x
which does not exist. On the other hand, f,(0,0) and f,(0,0) are both 0 as f is
identically zero on both axes. O]

Remark: The complete lists of ordered pairs (a,b) of nonnegative integers that satisfy the
given conditions are as follows:
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&

all (a,b) with 3a+2b> 12
b. (3,1), (1,3)

. (1,4), (2,3)

. (0,6)

. (0,7), (1,1), (1,2), (1,3), (1,4), (1,5), (2,1), (2,2), (2,3), (2,4), (3,1), (3,2), (4,1)

joh le)

o

10. In Genetics, Fisher’s Equation,

dp 9%p
a—p(l—P)JF@

describes the spread of an advantageous allele in a population with uniform density along a
1-dimensional habitat, like a shoreline, as a result of both reproduction and dispersion of the
offspring. Here p(z,t) is the frequency of the allele as a function of the position x and the time
t.

Find all possible values of the pair of constants (a,b) for which the function

1

p(x,t) = (1 + eoa+bt)2

satisfies the Fisher’s Equation.

Solution: We have

Py = _2(1 + eax+bt)73 . eaz+bt b
Py = _2(1 + eax+bt)73 . eam+bt -a
Pz = 6(1 + eam+bt)f4 . (ea:ﬁbt . Cl)2 _ 2(1 + eam+bt)73 . eax+bt X a2

p(1 _p) — (1 + eaz+bt)—4 A (2€ax+bt + (eaz+bt)2)
and substitution these in the Fisher’s Equation gives
—26(1 + 6a:p+bt) =94 ezz:c+bt + 6a26am+bt _ 2&2(1 + eam+bt)

or:
2a% - 2b -2 = (4a® + 2b + 1)@+

As the left hand side if this equality is constant, so must be the right hand side. This
is possible only if e4**t is constant or 4a? +2b+1 = 0. €%+ is constant only if a = 0
and b =0, and for these values the equation becomes —2 = 1 which is not possible.
In the second case, the equation becomes 2a?-2b-2 = 0. Adding 4a®>+2b+1 =0 and
2a% - 2b -2 =0 we find 6a2 = 1 and hence b= -5/6. Therefore (a,b) = (1/3/6,-5/6)
and (-1/V/6,-5/6) are the only values for which the given function satisfies the
Fisher’s Equation. [
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11. Assume that z and w are differentiable functions of x and y satisfying the equations zw?3 +

yz2+ 2% =-1 and zw3 — 223 +y?w =1. Find a—z at (z,y,z,w)=(1,-1,-1,1).
x

Solution: Differentiating the equations with respect to x and keeping in mind that
z and w depend on x, but y does not; we obtain

w3+ x- 3wiw, +y- 222, + 3222, =0,

and

3 3

2, w3 + 2 3ww, — 28 —x-32%2, + yPw, = 0.

Substituting z =1, y = -1, 2 = -1, w =1, we get bz, + 3w, = -1 and 2z, + 2w, = 1.

Solving for z, we find

0 5
5w =0

12. Once upon a time there was an xy-plane. The temperature at each point of this zy-plane
changed as time passed. Bugs roamed this zy-plane. Each bug had a device that measured the
temperature in real time, and showed the rate of change of temperature with respect to time
on its screen.

One day four of these bugs met at a point F,. At the moment they met:
e The first bug was moving with velocity vi = 2i+j m/s and its device was showing 1°C/s.

e The second bug was moving with velocity vo = i-5j m/s and its device was showing
-1°C/s.

e The third bug was moving with velocity vs =i+j m/s and its device was showing 2°C/s.
e The fourth bug was sitting still.

What was the device of the fourth bug showing?
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Solution:

T fomgeoe

€= Pue

T 3T 4

T &

\/\/Q W T)’:

o a-g)

J» a/ZO\JrL’fC:l .
?i =5 b ¥ % /S‘\\;i:')’\/?
@:3_3_ arbrc=2

The q@wu L«j‘) dovice 1 "LM”“J z b

13. Let z = f(x,y) be a differentiable function such that
f(373):17 fx(373):_27 fy(3>3):11;

f(275) =1, fx(275) =1, fy(2; 5) =-3.

Suppose w is a differentiable function of v and v satisfying the equation
fw,w) = fluv,u? +v?)

for all (u,v). Find g_w at (u,v,w) =(1,2,3).
u

Solution: Differentiating the identity

f(w,w) = f(uv,u® +v?)

with respect to u gives
ow ow J(uv)
fo(w,w) u + fy(w,w) u " fo(uv, u? +v?) ~Su + fy(uv, u? +0?)
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by the Chain Rule. Hence
ow

(Faw,w) + fy(w,w)) 2= fo(tww,u? +0?) v+ f,(wv,u? +0%) 2u
which leads to 9
(Fr(3:3) + ,(3.3) 5 = 2£:(2.5) +2£,(2,5)

after substituting (u,v,w) = (1,2,3). Now using f,(3,3) = -2, f,(3,3) = 11,
f2(2,5) =7, and f,(2,5) = -3, we conclude that

ow 8
90" 9 at (u,v,w)=(1,2,3).

14. Let u=xz+y+2z, v =2y +yz + zx, w = ryz, and suppose that f(u,v,w) is a differentiable
function satisfying f(u,v,w) = 2* + y* + z* for all (z,y,2). Find f,(2,-1,-2).

Solution: We can take (z,y,2) = (1,-1,2) as this gives (u,v,w) = (2,-1,-2).

Differentiating f(u,v,w) = z*+y*+2* with respect to x, y, z, respectively, we obtain:
futg + fo Vg + fo-wy = 42°
fu'uy+fv'vy+fw'wy:4y3
fu'uz+fv'vz+fw'wz=423

Now using u=x+y+2, v=2y+yz+z2r, w=2Yz, these give:

fu'1+fv'(y+z)+fw'y'z:4x3
fu-l+fo-(x+2)+ fo-22=49°
fu'1+fv'(x+y)+fw'xy=423

Substituting (x,y,z) = (1,-1,2) we get:

fu+fv_2fw:4
fut3fo+2fu=-
fu_fw:32

Subtracting 3 times the first equation from the second gives -2f, + 8 f,, = =16, and
adding 8 times the third equation to this gives 6f, = 240. So f,(2,-1,-2) =40. O

Remark: There are such f. In fact, f(u,v,w) = u* — 4u? + 20% + duw is one. Also note that
for a given (u,v,w), the corresponding (z,y, z) must be the roots of 7% - uT? + vT —w = 0 and
hence is determined up to a permutation of its entries, making the answer independent of the
choice.

15. Let z = f(x,y) be a twice-differentiable function and x = rcosf, y = rsinf. Show that
82f 82f 82z 1 82 1 0%

0z2 8y 87’2 ror 7"2@'
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Solution: If z = F'(x,y) is a differentiable function of x and y, then by the chain
rule we have

0z OF Ox 0F 8y .
gr.a -F,-
el 87" 8y o -cosf + F, -sind, (2)

and similarly,

0z OF 83: or ay

% -2 20" 5 90 = F, - (-rsind) + F, - (rcosf). (i7)
We use (¢) with F' = f to obtain
0z :
E=f$~cose+fy-s1n9. (A)
Then 9 5 5
2 :
92 - E(fx) ~cost + E(fy) ~sing.

To compute g(fx) and 6;i(fy) we use (2) with ' = f, and F = f,, respectively:
r r

0%

5" (frzcosl+ fyysinf) cos O + (fy. cosf + f,,sind)sinf
r

= fuz €082 0 + 2 f,, cosOsinf + f,, sin 0 (B)
Similarly, using (22) with F' = f gives

0z .
e fu-(=rsin®) + f, - (rcosf),

and differentiating this with respect to 6 again gives

2,
- 0 (rsind) + f O (rsind)
3}
+ %(fy) -(rcos@) + f, - %(rcose)
= (fax(-7sing) + fyyrcos@)(—rsind) + f,(-rcosf)
+ (fye(~rsin®) + f,,rcos@)(rcosf) + f,(-rsinbh)
= foor’sin®6 - 2fryr? cosOsing + f,,r* cos® 6

—r(fycos0+ f, sinf) (C)
where we used (#2) with F' = f, and F = f,,.

Now if we add (B), 1/r times (A), and 1/7? times (C), we obtain f,, + fy, - O

16. Suppose that f(x,y) is a twice-differentiable function with continuous derivatives satisfying

f( & 1 Y 2)=f(937y)

?2+y? 2 +y

for all (z,y) # (0,0). Find f,,(3/10,1/10) if f,(3,1) = =8, £,(3,1) = 7, fuu(3,1) =2, fu,(3,1) =
5, fuy(3,1) = -4
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Solution: We have:

fo(2,y) J ( & J )

C o0z \ 22y 22 42

22+ 2 22 + g2

+fy( x Y ) —2xy

Differentiating this a second time we obtain:

2 _ 42
fm(xay):g_x(fm( & Y ) v

22+y2 2 +92) (22 +y2)?

x Yy -2xy y? — a2

' (22 +42)? ' (22 +2)?
AN e
Nz2+y? 22+9y2) Oz \ (22 +y2)2

x Yy y? —x? —2xy
+ foe 27 2 |’ (22 +12)? ' (22 + )2

i f T Y —2xy ?
W\ 22 427 22 4 ¢ (22 + )2

N2 +y?2 22+9y2) Oz \ (22 +y2)?

2
i f x Y _ -2xy
YW\ 22 4 g2 22 4+ 42 (22 +y2)?
x Yy 2x(x? - 3y
+fx( 2)' ( )

(22 +y2)3

P e

22+ y2 22 + g2 (22 +y2)3
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Now letting (x,y) = (3/10,1/10) gives:

fex(3/10,1/10) = f1a(3,10) - (=8) + 2£24(3,10) - (=8) - (=6) + f4,(3,10) - (-6)°
+ £2(3,10)-36 + f,(3,10) - 52
=2.64+2-5-48+ (-4) - 36+ (-8) 36 + 7- 52
= 540

17. Consider the following conditions for a differentiable function f(x,y):
0 f(2,1)=8

O An equation for the tangent line to the level curve f(z,y) = 8 in the xy-plane at the point
(2,1)is 3x-by=1

Let & be the tangent plane to the graph of z = f(x,y) at the point (2,1,8).

In each of the parts (a-e) below a ® condition is given. Determine whether
e there is no function satisfying the conditions @-© ,

e there are functions satisfying the conditions @-®, but they do not all have the same
tangent plane &2, or

e there are functions satisfying the conditions @-© and all of these functions have the same
tangent plane &. (In this case find an equation of & too.)

a. © f(3,2)=11
b. © f.(2,1)=-1

d
c. ® —f(t2+1,¢ =6
o/ ) -,
d. © The line with parametric equations x =4t+2, y=2t+1, 2=t+8,(-00 <t < 00), lies
in &
e. O The line with parametric equations z=-t+2,y=2t+1,2=t+8, (-0 <t < 00), is
perpendicular to &

Solution: The condition @ implies that f,(2,1) = 3¢ and f,(2,1) = -5¢ for some
constant c. c¢ is uniquely determined by the condition © in parts (b-d) and there
is no such ¢ in part (e):

b. If f,(2,1) = -1 gives ¢ = —1/3. Hence f,(2,1) = 5/3. Therefore all functions
satisfying the conditions @-© have the same tangent plane &?. An equation
for this common tangent plane & is 3x — 5y + 3z = 25, and an example of a
function satisfying the given conditions is f(z,y) = -z + 5/3y + 25/3.
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c. As we have
d .
%f(ﬂ +1,83) = £ (2 + 1,83) - 2t + £, (12 + 1,#3) - 3t2

by the Chain Rule, substituting ¢ = 1 we obtain 3¢-2+(-5¢)-3 =6 and ¢ = -2/3.
Hence f,(2,1) = -2 and f,(2,1) = 10/3. Therefore all functions satisfying the
conditions @-® have the same tangent plane &?. An equation for this common
tangent plane &2 is 6x — 10y + 3z = 26, and an example of a function satisfying
the given conditions is f(z,y) = -2 + 10/3y + 26/3.

d. As the tangent plane & will have an equation of the form z = 3¢-(z-2)+(-5¢)-
(y—1) + 8, for the line with parametric equations = =4t +2,y=2t+1, z =
t+8,(-00 <t <o), tolie in & we must have 1 = (3¢)-4+(=5¢)-2 and ¢ = 1/2.
Hence f,(2,1) = 3/2 and f,(2,1) = =5/2. Therefore all functions satisfying
the conditions @-® have the same tangent plane &?. An equation for this
common tangent plane & is 3x — 5y — 2z = —15, and an example of a function
satisfying the given conditions is f(z,y) =3/22-5/2y + 15/2.

e. As the tangent plane & will have an equation of the form 3c- (x —2) + (-5c¢) -
(y-1)-(2-8) =0, for the line with parametric equations x = -t +2,y =
2t+1, z=t+8,(-00 <t < o), to be perpendicular to & we must have the the
normal vector n = 3ci—5¢j—k of the plane and the velocity vector v = —-i+2j+k
of the line to be parallel. This requires 3¢/(-1) = (=5¢)/2 = =1/1, which is not
possible. Therefore there is no function f satisfying the conditions @-© .

Finally, in part (a), both of the functions f(z,y) =3(z-2)-5(y-1) +8+5(x —2)?
and f(z,y) = -3(x —2) +5(y — 1) + 8+ (z — 2)? satisfy the conditions @-©, but
equations of their graphs’ tangent planes &2 at (2,1,8) are z = 3x — 5y + 7 and
z = -3z + by + 9, respectively. Therefore, in this case there are functions satisfying
the conditions @-@, but they do not all have the same tangent plane &. m

18. Let f(x,y) = 23y —xy? + cx? where c is a constant. Find ¢ if f increases fastest at the point
Py(3,2) in the direction of the vector A = 2i+ 5j.

Solution: V[ = (322y-y%+2cx)i+ (23 -2xy)j = (Vf)p, = (50+6¢)i+15j. Since f
increases the fastest at Py in the direction of (Vf)p,, A =2i+5j must be a positive
multiple of (Vf)p,. Hence (50 + 6¢)/2 = 15/5 == ¢ = -22/3. Finally we check that
c=-22/3 gives (Vf)p, =61+ 15j = 3A which is indeed a positive multiple of A. [

19. Find a vector that is tangent to the intersection curve of the surfaces x% + y? + 22 = 9 and
z = xy at the point Py(1,2,2).

Solution: Let f(x,y,z) = 22+y?+2% and g(z,y,2) = xry—z. Then the given surfaces
are level surfaces of f and g.

We have Vf = 2zi+2yj+2zk = (Vf)p, =2i+4j+4k and Vg = yi+zj -k =
(Vg)p, =2i+j—-k. (Vf)p, is normal to the surface defined by 22 +y? + 22 =9 and
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(Vg)p, is normal to the surface defined by z = zy. Therefore,

i j k
(Vhp x(Vo)p =| 2 4 4 |=-8i+10j-6k,
2 1 -1

or any multiple of it, is tangent to both of these surfaces, and hence, to their curve
of intersection at Fp. O

20. In the figure below some of the level curves and the corresponding values of a nice function
f(x,y) are shown.

U

a. Draw Vf(0,0) as best you can on the figure.

2 —

T T !
0 1 2

X

b. Determine the signs of the derivatives f,, fy, fzz, fyy, foy at the origin.

Remark: This is an approximation problem and it should be solved under the assumption
that we are dealing with a function for which good approximations can be made using only the
given data.
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Solution: a. We know that Vf(0,0) is perpendicular to the level curve of f
passing through (0,0) and points in the direction f increases, hence lies along the
pink vector in the figure.

j/ / / }// / //
W=

X

2 —

:

._.
|

e —
—

\

Ehes

—_

&\\\

We also know that the length of V f(0,0) is the rate of change of f with respect to
distance in this direction. On the figure using the teal circle we measure that the
pink vector crosses the level curve f =1 at a distance of approximately 0.44 units
from the origin. Hence along this direction f increases at an rate of 1/0.44 ~ 2.27
in this direction. So now we draw a vector of this length in this direction as shown
in the next figure and this is our approximate V f(0,0).

(The figure is on the next page.)



o
o
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b. Considering the components of V f(0,0) in part (a) it can be seen that f,(0,0) >
0 and f,(0,0) < 0. This can also be done in the following way: As we move along the
x-axis (the lime line in the figure on the next page) to the right, we meet level curves
belonging to higher values of f; hence f,(0,0) > 0. Similarly, as we move along the

y-axis (the orange line) upwards, we meet level curves belonging to smaller values
of f values; hence f,(0,0) <0.

Moreover, note that as we move in the positive direction along both axes, the points
where we meet the level curves of f belonging to values with the same difference
become farther apart. This means that the absolute value of the rate of change of f
is getting smaller. This in turn means f,,(0,0) <0 as f,(0,0) >0, and f,,(0,0) >0
as f,(0,0) <0.

(Part (b) is continued on the next page.)



Finally, we compare the rate of changes along the lime and turquoise lines. The
level curves intersect the turquoise line at points farther apart than the points they
intersect the lime line. Hence f,, which is positive, is getting smaller as we move
upwards along y-axis. In other words, f,,(0,0) <O0.

2 —

NN

Remark: It is also possible to find approximate values of these derivatives using the figure. In
fact, those of f,(0,0) and f,(0,0) can already be read off as the components of vV £(0,0).



21. Let a be a constant. Find and classify all critical points of f(z,y) = 23 — 3axy + y3.

Solution: At a critical point f, =322 -3ay =0 and f, = -3az +3y? =0. If a = 0,
then 322 =0 = 2z =0 and 3y2 =0 = y = 0, and (0,0) is the only critical point.
If a # 0, then the first equation gives y = x2/a, and substituting this in the second
equation we get z*—a3x = 0 whose solutions are x = 0 and = = a. Now using y = 22/a,
we get (0,0) and (a,a) as the critical points.

We compute the discriminant:

fxa: fwy

A=t

-3a 6y

_‘ 6x -3a

As A(a,a) = 274 and fy.(a,a) = 6a, (a,a) is a local minimum for ¢ > 0 and a
local maximum for a < 0. On the other hand, A(0,0) = —9a? implies that (0,0) is a
saddle point for a # 0.

Now we look at the sole critical point (0,0) in the case a = 0. As A(0,0) = 0,
the second derivative test fails in this case. If we restrict f(x,y) = 2% + y3 to the
x-axis we get f(x,0) = z3. Since this single variable function does not have a local

maximum or minimum at x = 0, f(z,y) cannot have a local maximum or minimum
at (0,0) either. We conclude that (0,0) is a saddle point when a = 0. O

22. Find the absolute maximum and minimum values of the function f(z,y) = 223+2xy?-x—y?
on the unit disk D = {(z,y) : 22 +y? < 1}.

Solution: We first find the critical points of f(x,y) in the interior of D. At a
critical point we have f, = 622 +2y2 -1 =0 and f, = 4oy — 2y = 0. The second
equation implies that y = 0 or x = 1/2. Substituting these into the first equation we
obtain y = 4_-1/\/6 in the first case, and no solution in the second case. Therefore
the critical points are (z,y) = (1/3/6,0) and (-1/1/6,0). Note that both of these
points lie in the interior of D.

Now we look at the boundary of D, that is, the unit circle 22 + y> = 1. We can
solve y as y = +V1-22, =1 < x < 1. These solutions correspond to the upper
and lower semicircles. Then f(z,+vV1-22) = 22+2 -1 for -1 < z < 1, and

d 1
%f(x, +V1-22)=2x+1=0=>2x= 5 This gives the critical points (z,y) =

(-1/2,4/3/2) and (-1/2,-V/3/2) of the restriction of f to the boundary of D. We
must also include the endpoints x = -1 and x = 1, in other words, the points
(z,y) = (1,0) and (-1,0) in our list.

Hence the absolute maximum and the absolute minimum of f on D occur at some
of the points

(1/V6,0), (-1/1/6,0), (-1/2,7/3/2), (-1/2,-V/3/2), (1,0), (-1,0).

The values of f at these points are

1 2 1 2
__\/j7_\/j7_§7_§717_17
3V3 3V3 4" 4
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respectively. Therefore the absolute maximum value is 1 and the absolute minimum
value is —5/4. O

Remark: Here are two more ways of dealing with the critical points of the restriction of f to
the boundary of D.

In the first one we parametrize the boundary, which is the unit circle, by x = cost, y = sint,
—o0 <t < oo. Then

d d 1
af(cost,sint)=%(cosztﬂzost—l)=—2005tsint—sint=0:cost=—5 or sint=0,

and these give us (z,y) = (=1/2,v/3/2), (-1/2,-v/3/2), (1,0), (~1,0).

9(z.y)
——

In the second we use the Lagrange Multipliers Method for the boundary z2 + 42 = 1.

fo = Age 622 +2y2-1 = A2z (@

Vf = AV
{; _ g} fy = Agy (= dry -2y = A2y (@
g = 1 22+y? = 1 3

@ givesy=0orz=(1+)\)/2. If y =0, then (3) gives x = +1 (and A = £5/2). On the other hand,
if = (1+))/2, then from (@) and (3), 422 - 2\z +1=0 =z = —1/2 and y = +1/3/2. Therefore
the points (x,y) = (-1/2,v/3/2), (-1/2,-3/2),(1,0), (-1,0) are added to the list.
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23. I'ind the absolute maximum and minimum values of the function

flz,y) =2(2® +y* - 1) +2? -y

on the unit disk D = {(x,y) : 2? +y> < 1}.

Solution: We first find the critical points of f in the interior of D. We want:
fe=4(@*+y*-1)-20+22=0 and f,=4(2* +y*-1)-2y-2y=0.

The first equation gives x = 0 or 422 + 4y> — 3 = 0, and the second one gives y =0
or 422 +4y?> -5 = 0. Therefore x =0 and y =0, or 422+ 4y> -3 =0 and y = 0, or
x=0and 422 +4y>-5=0, or 422 +4y?> -3 =0 and 422 + 4y> -5 = 0. In the last case
there is no solution, and the first three cases leads to the points (0,0), (+v/3/2,0)
and (0,+v/5/2). Only the first three of these critical points lie in the interior of D
as for the last two 22 +y? =5/4 > 1.

Next we consider the restriction of f to the boundary of D which is the unit circle.
As on the boundary y = £V 1 — 22, we consider the functions f(z,+V1-x?) = 222-1
on the interval -1 <z < 1. As (d/dz)f(x,+V1-2x?) = 4x, the only critical point of
both of these restrictions occur when z = 0. This leads the points (x,y) = (0,1) and
(0,-1). On the other hand, for both functions the endpoints = = 1 and z = -1 of
the interval =1 < x < 1 give the points (z,y) = (1,0) and (-1,0).

Now we find the values of f at these seven points:

£(0,0) =2

F(V3/2,0) = f(-V/3/2) = 7/8
£(0,1) = £(0,-1) = -1
£(1,0) = f(-1,0) =1

Therefore the absolute maximum and minimum values of f on D are 2 and -1,
respectively. O]
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Remark: The boundary can also be dealt with using the parametrization z = cost, y = sint,
(o0 <t < 00), of the unit circle. Then the restriction of f to the unit circle gives the function
f(cost,sint) = cos2t on the interval —oo <t < co. (d/dt)f(cost,sint) = -2sin 2t = 0 means that
t is an integer multiple of 7/2 and this gives the critical points (z,y) = (£1,0) and (0,+1) for
the restriction of f to the boundary.

Remark: Consider the function g(z,y) = 2(2? + y?> — 1)? + 2xy on the unit disk D. This is the
same function as f rotated 45° counterclockwise. Hence the absolute maximum value of g on
D will be 2 assumed at the point (x,y) = (0,0), and the absolute minimum value -1 at the
points (x,v) = (1/Vv/2,1//2) and (z,y) = (-1/V/2,-1/v/2). It is a good exercise to solve this
problem directly.

24. Three hemispheres with radiuses 1, x and y, where 1 > x >y > 0, are stacked on top of each
other as shown in the figure. Find the largest possible value of the total height h.

h
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Solution: We want to maximize

h(z,y)=V1-22+\/22 -2 +y
on the closed and bounded region D = {(x,y):0<y <z <1}.

We first find the critical points of A in the interior of D. We want

T

V1-22  \f22 -2

From the second equation we obtain 42 = 22 —y2 = 22 = 2y2 = x = /2y where we
used the fact that x > 0 and y > 0. Now substituting this in the first equation gives
1-292=2y2—y2 =3y =1 =y =1//3 as y > 0 and hence z = \/2/_3 So the only
critical point of & is (z,y) = (v/2/3,1/3/3) and it lies in D as 0< 1/v/3 </2/3 < 1.

hy = +1=0.

=0 and hy=-

Now we consider the restriction of A to the boundary of D.

Side 1: On the bottom edge of the triangle, we have y = 0 and 0 < x < 1, and
therefore we are considering the function h(z,0) =v1-22+z for 0<z < 1.

d
—h(z,0) = -
d.’L‘ (x7 )

+1=0=2=1-2=—= 2% =1=—=>10=—

V1-22 V2

as x > (0. Taking the endpoints x = 0 and = = 1 into account, Side I gives us the
points (,y) = (1/v/2,0),(0,0), (1,0).

Side 2: On the right edge of the triangle, we have x =1 and 0 <y <1, and therefore
we are considering the function h(1,y) =\/1-y?+y for 0 <y < 1. As in the case of
Side 1 this leads to the points (z,y) = (1,1/v/2),(1,0),(1,1).

Side 3: On the top edge of the triangle, we have y = x and 0 < x <1, and therefore

we are considering the function h(z,z) =1 -22+x for 0 <z < 1. Once again as in
the case of Side 1 we obtain the points (z,y) = (1/3/2,1/v/2),(0,0), (1,1).
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Now we find the values of h at these seven points:

h(0,0) = h(1,0) =h(1,1) =1
h(1/7/2,0) = h(1,1/V/2) = F(1/V/2,1/V/2) = V2
h(\/Q/_?)v 1/\/3) = \/g

Therefore the maximum possible total height of the three hemispheres is v/3. O

Remark: Here is a single variable argument which solves the problem for any number
hemispheres: Suppose the maximum possible height for & hemispheres is Vk for some k > 1.
Then for k+ 1 hemispheres, where the second one from the bottom has radius r, the maximum
possible height will be H(r) = Vkr +/1-7r2 for 0 <r < 1. The value of H(r) is 1 and Vk at
the endpoints » = 0 and r = 1, respectively; and its value is Vk+ 1 at its only critical point
r =\/k/(k+1). Therefore we conclude inductively that the maximum possible height for n
hemispheres is \/n for n > 1.

25. Find the absolute maximum and the absolute minimum of f(x,y,z) = 2% + yz on the unit
sphere 22 +y? + 22 = 1.

Solution: We will use the Lagrange Multipliers Method. Let g(z,y,z) = 22 + y? +

22 -1. Then
fa: = )\ga: 32 = A2z @
Vf = Avg f, = Ag, 2= A2
g=0}=fz=Agz=' y = A2z (9
g =0 2+y?+22 = 1 @

From (2) and (3) we obtain z = 4\%z, and hence z =0 or A =1/2 or A = -1/2.

e If 2 =0, then (3) gives y = 0, and then (4) gives x = +1. In this case we have
the points (x1,0,0).

o If X = 1/2, then from (@) and (3), 322 = z and y = z. Therefore we either
have = = 0 in which case y = z = +1/\/2 by @), or we have ¥ = 1/3 and then
y = z = +2/3 again by (4). In this case the critical points are (0, +1/v/2,+1/v/2)
and (1/3,+2/3,+2/3).

o If A =-1/2, then from @) and 3), 322 = -z and y = —z. A reasoning similar to
the previous case gives the points (0,+1/v/2,%¥1/v/2) and (-1/3,+2/3,%2/3).

Hence the critical points are (+1,0,0),(0,+1/v/2,+1/V/2),(1/3,+2/3,+2/3),
(0,+1/V/2,%1/V/2), (-1/3,+2/3,%2/3), and the values of f at these points are
+1,1/2,-1/2,13/27,-13/27, respectively. Therefore the absolute maximum is 1 and
the absolute minimum is -1. O
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26. Evaluate the following integrals:

1,1
[ f sin(maz®) dw dy
N

b. [fRer‘f‘2 dA where R={(z,y):0<y <z}

d. f [ dydx
(2 +y2)2+1

Solution: a. We will first express the iterated integral as a double integral and
then reverse the order of integration. The z-integral goes from x = \/y to x =1 as
shown by the red line segments in the figure in the zy-plane. Then the y-integral
goes from y=0to y = 1.

X

Therefore the intervals of the z-integral trace out the region R bounded by the
parabola y = 22, the line x = 1, and the z-axis. Note that the z-integrals are always
from left to right in the interval 0 <y < 1. Hence we have

1,1
[ f sin(r2®) dx dy = [[ sin(rz®) dA.
o Juy R

Now we express this double integral as an iterated integral with the y-integral first.
The green line segment in the figure shows the interval of integration for the y-
integral which goes from y =0 to y = 22. Then:
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1,1
f / sin(ﬁx3)dxdy:ﬂsin(wx3)dA
o Jum R
1 z?
:[ f sin(wz?®) dy dx
o Jo
1

:—/0 sin(7ra?) yloo dx
1

:f sin(rz?)2? do
0
1

=3 cos(7rx3)]1

- 0
2

"3

b. We integrate with respect to y first to obtain

ff y2e’x2 dA = f f y2e’$2 dy dx
R o Jo
= L f e du

3 Jo

1 (o3
:—f te tdt

6 Jo

=

where we used the integration by parts

fwte_tdt:fmtd(—e_t)
0 0
= lim ([—te_t]g + / et dt)
C—> 00 0

=~ lim < - lim [e]§

c—oo € c—00
L’H
A S
L _lim = -lim(e“-1)
c—o0 € c—00
=1

in the last step.

c. This time we will use the polar coordinates. To do so we first determine the
region of integration R.

In the iterated integral the z-integral goes from x = 0 to = = /2y — y? as shown
by the red line segment in the figure. Since = = \/2y-y? = 22 = 2y - ¢y*> —
22+ (y-1)2 =12, x = /2y — y? gives the right semicircle of the circle 22+ (y-1)2 = 1.
On the other hand, the y-integral goes from y = 0 to y = 2. Therefore R is right half
of the disk 22+ (y—1)2 < 1. Note that the polar equation of the circle 22+ (y-1)? =1
is r = 2sin 6, and to obtain the right semicircle we vary 6 from 6 =0 to 0 = /2.
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Hence:

2~ 2y—42
ff Y gy = ff A
o Jo x? +y? R X%+
/2 251n9 . 1
=/‘ f rcosﬁzrsm@ v dr do
0 0 T
/2 2sinf
:f f sinfcosfrdrdf
0 0

r=2sin6

/2 7"2
= f sin@cos@[—] dr df
0 2

r=0

/2
/ 2sin® 6 cos @ df
0

B sin40r/2
2 1y

1
2

d. Again we use the polar coordinates. This time the integration region is R =
{(xz,y) :x>0and y >0}, that is, the first quadrant.

dyd:r: 1
———dA
_/ / (2 +y2)2+1 [/R (22 +y?)2+1
_f’r/Qf“’rdrdQ
~Jo o ri+l
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/2 ]
= f 5 lim [arctan(rQ)] do
0

/2
- f ™ a6
o 4

2

B
O
27. Evaluate the double integral ﬂ sz dA where R is the region shown in the figure.
(2% +y

Solution: Let R’ be the portion of the region lying in the first quadrant between
the line y = z and the z-axis. By symmetry we have:

1 1
./fR (22 +y?)? dA_S./f' :c2+y2)2 dA
/4 2sec
—8[ | _rdrdf
sec
/4 r= 25ec9
R
0 2r2 r=sec6

/4
=3 f cos® 6 db
0

7r/41 2
=3f + COS 9d9
0 2

3 [ sin 29]”/4
=—|0+

2 2

37 3

+_
8 4

0
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28. Evaluate the following integrals.

a. ﬂ 2y cos(my’[2) dA where Ry is the region shown in the figure.
R

b. /f 2%y cos(my®/2) dA where Ry is the region shown in the figure.
Rs

vk

y=z y=-z

r=1 y=-T

Solution: a. Note that the region R; is symmetric with respect to the z-axis, but
the function f(x,y) = x%ycos(mwy’®/2) changes sign under reflection with respect to

the z-axis: f(x,-y) = —f(z,y). Therefore /f 22y cos(my®[2) dA = 0.
Ry
v y=ux

y A

b. We integrate with respect to z, then y:

L ry 1r1 =y
f/ $2ycos(7ry5/2)dA:f / nycos(ﬂy5/2)dxdy:f [—x3ycos(7ry5/2)] dy
Ry 0 J-y o L3 2=y
2 rt, s 212 ., ]1 4
-z Ndy=2|= 2| = —
3 ./O y* cos(my’[2) dy 3 [57T sin(my”/2) T
[
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29. Evaluate the following integral ﬂ(l +x-y)dA where R = {(z,y) : |r —y|<2/3and 0 <
R
r<land0<y <1},

Solution: We first observe that

[/R(lﬁtx—y)dA:ffRdAJr/fR(a:—y)dA

and then note that the second integral on the right is zero because the region R is
symmetric with respect to the line y = x whereas the function f(z,y) = z—y changes
sign under the reflection with respect to this line: f(y,x) =-f(z,y).

On the other hand the first on the right is just the area of R, that is 12—(1/3)? = 8/9.

Hence:
ffR(ux—y)dA:ffRdmffR(x—y)dA:Sw:g
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30. When pirates retire, they live on the Square Island
S={(z,y):|z| <5 and |y| <5}

in the Sea of xy-plane where all distances are measured in hectometers (=hm). Having lived all
their lives on it, the retired pirates want to be as far away from the sea as possible. As a result,
the pirate population density p(z,y) at a point (z,y) on the Square Island is proportional to
the distance of the point from the shore and reaches its largest value of 15 pirate/hm? at the
center of the island. Find the total number N of pirates living on the Square Island.

Solution:

Remark: Compare this example with Example 46 in Part 1.
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V2 -72. Find the cylinder’s volume.

/4 2 cos 20
4/ f V2-r2rdrdd
0 0

4 f\/2—7’2dA
R

Solution: Let R be the the region enclosed by the lemniscate in the first quadrant.

31. The region enclosed by the lemniscate r? = 2 cos(26) in the plane is the base of a solid right
By symmetry the volume is

cylinder whose top is bounded by the sphere z

/4
[ (2%2 - (2 - 2c0s20)%?) db
0

2 cos 26 4
df = -
3

0

|

(2 _ 7,2)3/2
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32. Let D be the region in space bounded by the plane y + z = 1 on the top, the parabolic
cylinder y = 22 on the sides, and the xy-plane at the bottom. Express the volume V of the
region D in terms of iterated integrals with orders of integration (a) dz dy dx and (b) dx dydz.

Solution:
|
a s
._ |
| = |
\J J
|
1
b g
J
o
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1
33. Consider the triple integral [[/ 55 53 @V where D is the region bounded by the
D (22 +y%+22)?

cylinder 22+ 42 = 1 on the sides and by the hemisphere z = \/4 — 22 — y? at the bottom. Express
this integral in terms of iterated integrals in

a. Cartesian coordinates,
b. cylindrical coordinates,
c. spherical coordinates, and

d. evaluate the integral in the coordinate system of your choice.

Solution: We observe that the projection of D to the xy-plane is the unit disk
x2+y% < 1. A vertical line passing through a point of the unit disk enters the region
at a point on the hemisphere and remains in the region from there on. The equations

of the hemisphere z =+/4 — 22 - y? and the cylinder z2+y? =1 are z=v4-r2 and
r = 1, respectively, in cylindrical coordinates. The answers to parts (a),

1
g Az dyd
ﬂ (:1:2+y +22)2 [ f\/lx V22 (22 +y? + 22)2 S
and (b),

1 2m 1 00 1
f[/z; (22 +y% +22)? V= /(; ](; f\/4r2 (r2 + 22)? razdraf,

immediately follow from these observations.

To do part (c) we further observe that

e the equations of the hemisphere and the cylinder are p = 2 and psing = 1,
respectively,

e a ray starting at the origin enters the region at a point on the hemisphere and
leaves the region at a point on the cylinder, and

e such a ray intersects the region exactly when 0 < ¢ < /6. (The ray passes
through a point on the intersection circle when ¢ = 7/6.)

Therefore,

1 2 /6 csch 1
-/]D (x2+y2+22)2 ,/ f f g p*singdpdedp .
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We use this last iterated integral for the computation (d):

1 Jv 2 /6 cscé 1 dodé dd
.[/D(a:2+y2+z2)2 _./0 ./0 ./; Esmqﬁ pdo
2T /6 1 p=csc ¢
f f [——] sin ¢ db df
0 0 P p=2

s fow/(s (_sin¢+ %) sin ¢ d¢ do
[

~1-cos2¢ . sin ¢
2 2

) de df

[2 4 2 140
()
:w(l—%—§)

>
>
% p=csc()

107



34. Let D be the region in space bounded on the top by the sphere 22 + 32 + 22 = 2 and on the
bottom by the paraboloid z = 22 + y2. Express the volume V of D in terms of iterated integrals

in the (a) Cartesian, (b) cylindrical, and (c) spherical coordinates.

Solution: Note that the projection of the curve of intersection of the sphere and
the paraboloid is the unit circle 22 + y? = 1 in the xy-plane. This curve also bounds

the projection of the solid D to the zy-plane. Hence we have

1 1-z2 V2-a2-y2
= / [ dz dy dx
-1 JV1-22 Ja2+y?

21 1 V2-1r2
V:f ff rdzdrdd,
0 0 r2

/,u
@Jr
"}

\\\k”i“/ >

...'/

and

x

|

Now observe that a ray starting at the origin leaves D through the sphere if the
angle it makes with the positive z-axis is less than m/4, whereas it does so through
the paraboloid if this angle is between 7/4 and 7/2. Hence:

2 /4 V2
V:/ [ f 2 sin ¢ dpde do
0 0
2r /2 cos ¢/sin? ¢
[ [ [ P2sine dpdedb
0
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35. Consider the iterated integral
/2 1 272
f f f dz dr df
0 0 r

a. Change the order of integration into dr dzdf.

in cylindrical coordinates.

b. Express the integral in spherical coordinates with order of integration d¢dpdf .

Solution: a. =z = r is the cone 22 = 22 + 2, and z = 2 — r? is the paraboloid
z = 2—122—y? These surfaces intersect along a circle that is also the curve of
intersection of the cylinder r = 1 and the horizontal plane z = 1. Since 0 <r <1 and
0 < 0 < /2, the integration region D is the region in the first octant bounded by
the paraboloid on the top and the cone at the bottom.

T
TN
[1711
TR
i
2_:—'-
Ll |I_'IL.H_
[
- |
|
||
21— I
- \
I:I_o—"
a I T
F

When we integrate with respect to r first, we will be moving along a curve on
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which z and 6 are constant. These two conditions describe a horizontal plane and a
plane containing the z-axis, respectively. Therefore the r-integration is along a ray
perpendicular to the z-axis like the blue ones in the figure. Such a ray starts on the
z-axis in D, and leaves D through the cone if 0 < z < 1, and through the paraboloid
if 1 <z <2. Therefore,

/2 1 2-1r2 /2 1l rz
[ ff dzdrdH:[ ffdrdzde
0 0 r 0 0 0
T2 r2 V22
+f f/ dr dz df
0 1 0

where we used the fact that z=2-7r2and r>0=r=vV2-2.

b. We have

72 1 2-r2 1
f f f dzdr do = ff 2 dv
0 0 r DT

as dV =rdzdrdf in cylindrical coordinates where D is the region described in part

(a).

Since we want to integrate with respect to ¢ first, we will be moving along the curves
on which p and 6 are constant. These two conditions describe a sphere with center
at the origin and a half-plane whose spine is the z-axis, respectively. Therefore the
¢-integration takes place along a vertical semicircle subtended by a diameter along
the z-axis and with center at the origin like the green ones in the figure. Such a
semicircle starts on the positive z-axis in D, and leave the region of integration
intersecting the cone for 0 < p < /2 and the paraboloid for v/2 < p < 2. The upper
half of the cone z = r has the equation ¢ = 7/4 in spherical coordinates. On the
other hand, z=2-7? = pcos¢ =2 - (psin¢)? = cos ¢ = (1 +/4p2 - 7)/(2p) for
a point on the paraboloid as ¢ < 7/4. Therefore,

/[/D%dvszﬁ)psilngbdv
:AW/zﬂﬂ/OW/4pd¢dpd9

/2 2 arccos((1++v/4p2-7)/(2p))
‘ / f f o dédpdf
0 v2 Jo

where we substituted dV = p? sing d¢dpdf for the volume element in spherical
coordinates. ]
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36. The region R bounded by the curve 22 = y? — y* in the right half of the yz-plane is rotated
about the z-axis to obtain a solid D in the zyz-space. Express the volume V of D in terms of
iterated integrals in (a) the Cartesian, (b) the cylindrical and (c) the spherical coordinates.

Solution: Since the surface bounding the the solid D is obtained by revolving a
curve about the z-axis, its equation in the cylindrical coordinates will not depend
on f. Since r = y in the yz-plane and the curve has the equation 22 = y2 — y*, we
conclude that 22 = r2—r# is the equation of the surface in the cylindrical coordinates.

From this
27 1 Vr2—rd
v- [ [ rdzdras
0 0o J-Virzt
follows as the projection of D to the zy-plane is the unit disk.

The equation z? = 72 — r# in the cylindrical coordinates transforms to 22 = (22 +
y?) = (22 +y?)? in the Cartesian coordinates, and once again using the fact that the
projection of D to the xy-plane is the unit disk, one now obtains:

| VIE
V- [ f dz dy d
1 J-

1—22 —\/(12+y2)—(x2+y2)2

The spherical coordinates require a little bit more work. First note that the equation
22 = r2—r* in the cylindrical coordinates now gives (pcos¢)? = (psin@)? - (psin¢)?,

or p = \/sin? ¢ — cos? ¢/sin? ¢, in the spherical coordinates. Next note that for
sin® ¢ — cos? ¢ = — cos 2¢ to be nonnegative, ¢ must be between /4 and 37 /4 in the

interval [0, 7]. Therefore:

2T 3m/4 V/sin? ¢—cos? ¢/sin? ¢
V:f f f P2 sin ¢ dpde df
0 0

/4

Remark: Compare this example with Example 51 in Part 1.
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2y+3 x + y

0
37. Evaluate the iterated integral / / 2 " Wdxdy.
-1 Jy (2 -2y)?
Solution:
G 1 P L e e
1- J E P (et57

e Wit
'; ﬁ:'_‘l.a"l'.j-‘ D‘Jm”.l\ "N\a At (E‘@\L g

i vaAallert
Q 3 \ 4:_‘»\.:-:31 ‘:JE A
-
i A4 BETY

=1 T c
uAbT
| = PELTa
L
, S
R
8 (% / 5
By A "3'\ a,h_'.':‘_:_";
- g : ST
LI
Wl | | 4
BLULQJ:} 3
“‘. "W
A 3

d(z,y) I(u,v) _

o(u,v) O(z,y) L.

38. Let (u,v) and (x,y) be two coordinate systems. Show that

Solution: By definition,

8(3:,3/) _|Tu T

= STy Yv — Ty Yu
o(u,v)  |Yu Yo Y Y

and
O(u,v) |uy wuy,

a(x,y) B Uz Uy

= Uy Vy — Uy Uy
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Therefore,

oay) dwv)
0(u,v) 8(:E,y) ( uYu vyu)( x Uy Y w)

:J:uu:cyvvy+xvvxyuuy_xuuyyvvx_xvuxyuvy
=xuuryvvy+xvvmyuuy—xuuyyvvm—xvumyuvy

+xvvxyvvy+xuumyuuy_$vv$yvvy_xuuxyuuy
= (2 Uy + Ty V) (Yo Uy + Yoy Vy)

— (T Uy + Ty Vy) (Yo Up + Yoy )

STz lYy — Ty Yz
=1-1-0-0
=1

39. Evaluate the double integral ﬂ ¢”’ 1 dA where R = {(z,y):2* <y <z}
R

Solution: We change the coordinates to u = y?/x, v = 22/y. In this coordinate
system the region of integration becomes G = {(u,v):0<u<land0<v<1}.

R G
0 T 0
0 1 0 1
We have
o(uw,v)  |uy wy| |-y?[2? 2ylz | PN Ov,y) 1 1
Oz, y) |va vy| | 2zfy -2[y?| o(u,v)  O(u,v) 3’
Iz, y)
and the change of variables formula gives
2 a(z,y) 1 ril 1 e—1
ey = [[ e |5 ddz/[”——‘dd: |
f[{e i ¢ d(u,v) Y P A Y
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Remark: We can multiply differentials. The rules are dudu =0 = dvdv and dvdu = —-dudv in
any uv-coordinate system. For instance, when changing from Cartesian to polar coordinates,
we have

dx dy = d(r cos8) d(r sinf)
= (cosOdr—r sinfdf)(sinfdr +r cosfdf)
= —r sin® @ df dr +r cos® 0 dr df
= r(sin? 6 + cos? 0) dr df
=rdrdf

and in Example 39 we have

dudv = d(y*[x) d(«*[y)
= (2y/wdy - y*[2* dv) 2z [y do - 2* [y? dy)
=4dydr + dx dy
= —4ddxdy +dxdy
=-3dzdy,

1
hence dz dy = —= dudv. This can be used to keep track of how the area element changes under

a coordinate change, but note that the sign of the factor in front must be corrected by hand so
that it is positive on the region of integration.

40. Consider the transformation 7' : x = v = Ll . Show that there is a constant
I(z,y)

u+v+1 Y U+ v+
//G J(u,v)

holds for all regions GG contained in the first quadrant of the uv-plane.

C such that the inequality
dudv < C

u v uU+v
Solution: Observe that 1 = ——— >0, y=—>0and x +y=———- <1
u+v+1 u+v+1 u+v+1
for u >0 and v > 0. We also have u = — and v = S Therefore T" maps
l-z-y -Tr-y

the first quadrant of the uv-plane into the triangle R = {(z,y) :x+y < 1,2 >0,y >0}
in a one-to-one manner.

U A

J
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Hence:

0(z,y)
d(u,v)

dudv = ﬂ dx dy = (Area of T(G)) < (Area of R) = E
T(G) 2

Remark: One can also do a straightforward computation.

oz, y) |z, |+ /(u+v+1)?2 —u/(u+v+1)? 1
O(u,v)  |Yu Yo —vf(u+v+1)2  (u+1)/(u+v+1)2 " (u+v+1)3
and hence
xy) ddv<f f dudv =1‘/‘°°d—v:1'
¢ |0(u,v) (w+rv+1)3 2Jo (v+1)2 2
. 0(z,y,2) : :
41. Compute the Jacobian m where (p, ®,0) are the spherical coordinates and (x,vy, 2)

are the Cartesian coordinates.

Solution: We have x = p sin¢ cosf, y = p sin¢g sinf, z = p cos¢. Therefore

o(x,y,2) |0 Te T

1Y% Yo Yo
0p,0.0) |7 % %,

sin¢ cosf pcos¢ cosf —psing sind
= |sin¢ sinf pcos¢ sinf  psing cosf
cos @ —psin ¢ 0

= (—p sin¢ sinf)

sing sinf p cos¢ sind
cos ¢ —-psin ¢
sin ¢ cos@ p cos¢ cosf
cos ¢ —psin ¢
|sing cos@ p cos ¢ cosb
sing sinf  p cos ¢ sinf
= (=p sin¢ sinf)(—p sinf)(sin? ¢ + cos® ¢)
~(p sing cos@)(—p cosf)(sin® ¢ + cos? p)

- (psing cosh)

+0
= p? sin ¢ (sin” @ + cos? 0)
= p? sing
where we used the cofactor expansion with respect to the third column. Il
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PART 3: SEQUENCES AND SERIES

1. Let a1 =1, ap = a3 =2, ay = a5 = ag = 3, ay = ag = ag = a;p = 4, and so on. That is,
a,:1,2,2,3,3,3,4,4,4,4,5,5,5,5,5,6,.... What is asg17?

Solution: a, =kif 1+2+--+(k-1)<n<1+2+--+k. In other words, a, =k if
k(k-1)/2 <n < k(k+1)/2. Since for k=64, k(k—1)/2 =2016 and k(k+1)/2 = 2080,
we have agq17 = 64. O

can be obtained.

\/8n+1—1}
2

Remark: A more explicit formula a,, = "

2. Clurve; is an equilateral triangle with unit sides. For n > 2, Curve,, is obtained from Curve,_1
by replacing the middle third of every edge with the other two sides of the outward pointing
equilateral triangle sitting on it. Let L, be the length of Curve, and A, be the area of the
region enclosed by Curve,. Find L,, A,, 111_{1010 L, and 7lbl_)nolo A,

Solution: Let e, and d, denote the number of edges and the length of each edge

of Curve,, respectively. Since e, = 4e,_1 and d,, = d,,_1/3 for n > 2, and e; = 3

and d; = 1, we find that e, = 3-4"! and d,, = 1/3*°! for n > 1. Tt follows that

L,=e,d,=3-(4/3)"" for n>1, and lim L, = lim 3- (4/3)"! = o0.

On the other hand, the n'* region is obtained by adjoining e,_; equilateral triangles
of side length d,,_1/3 to the (n —1)% region. Therefore,

2 2
An :An—l + €én-1 w :A”_1+3'4n2'\/fg(37}_1)

A, = i ((g)n2 ; (g)n_g - 1) LA,

3
for n > 2. Since A; = T this gives

)

and then

for n > 1. We obtain
, 3v3 V3 2V3
lim A, = +— = —~ -

n—>00 20 4
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Curvey : Curvesy:

Curves : Z\/ /\z Curvey : i: :i

Remark: A magician puts 1 ball into an empty box at ¢ = 0 sec, takes out 1 ball at ¢ = 1/2 sec,
puts 2 balls at t = 3/4 sec, takes out 1 ball at t = 7/8 sec, puts 3 balls at t = 15/16 sec, takes out
1 ball at ¢ = 31/32 sec, and so on. Then she challenges you to guess how many balls there are
in the box at t =1 sec.

You ask for the advice of your friends.

Friendl says: “The net result of 2k + 1st and 2k + 2nd steps for k£ > 1 is to put at
least one more ball into the box. There are infinitely many balls in the box at t =1
sec.”

Friend?2 says: “Imagine that the balls are labeled as balll, ball2, ball3, and so on
with invisible ink which only the magician can see. Then she puts balll at ¢ = 0
sec, takes out balll at ¢ = 1/2 sec, puts ball2 and ball3 at ¢ = 3/4 sec, takes out
ball2 at ¢t = 7/8 sec, puts ball4, ball5, and ball6 at ¢ = 15/16 sec, takes out ball3
at t = 31/32 sec, and so on. For any given k, ballk is not in the box at time ¢ = 1
sec, because it was taken out at time ¢t = 1 — 1/226-1 sec. There are no balls in the
box at time ¢ =1 sec.”

What do you think?
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1

+ Qp-1

3. Let the sequence {a,} be defined by a; = 1 and a, = for n > 1. Show that the

sequence converges and find its limit.

Solution: Observe that if 0 < a, < ayy1, then 0 < 1 +a, <1+ a1 and a,yq =
1/(1+an) > 1/(1 + aps1) = apyo . Similarly, if a, > a,1 >0, then 1+a, > 1+ a,,1 >0
and a,1 = 1/(1+a,) <1/(1+ apy1) = anyo. Since ay = 1> 1/2 = as, it follows that

1
1:CL1>CL3>G5>"'>O,6>O,4>&2:§.

Therefore, the sequence {as,}22; is increasing and bounded from above by 1, and
the sequence {as,-1}°>, is decreasing and bounded from below by 1/2. By the
Monotonic Sequence Theorem, then both of these sequences are convergent.

Let lim ag, 1 = L and lim as, = M. Taking the limit of ag,,1 = 1/(1+asz,) as n — oo

we obtain L = 1/(1+ M), and taking the limit of ag, = 1/(1 + az,-1) as n - co we
obtain M =1/(1+L). From M + ML =1 and LM + L =1 it follows that M = L.
Therefore the sequence {a, }, converges to L = M.

Finally, L2+ L -1=0 gives L = (v/5-1)/2 or L = —(v/5+1)/2. Since 0 < a,, for all
n>1, we must have 0 < L. Hence L = (v/5-1)/2 is the limit and

. vh-1
lim a,, = .

n—oo

Remark: This result is sometimes expressed symbolically in the form:

Vh-1_ L

2 1
1+

1+

1+

1+
1

1+---

1+

Remark: Note that x, = F,/F,,; for n > 1 where F, : 1,1,2,3,5,8,... is the Fibonacci
sequence. So we showed that lim F,/F,.; = (vV5-1)/2.

Remark: Tt can be showed with a little bit more work that any sequence satisfying the given
recursion relation converges to (vV5-1)/2if a; # =(1++/5)/2 and ay # —F,.1/F, for any n> 1.
On the other hand, if a; = —(1++/5)/2, then the sequence is constant; and if a; = —=F,,.1/F, for
some n > 1, then a, = -1 and a1 is undefined.
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4. Let the sequence {x,} be defined by 2o =2 and z,, = 5 +

a.

Tn-1

forn>1.
Tp-1

Find the limit of this sequence assuming it exists.

b. Show that the limit exists.

Solution: a. We assume that the limit L = limx,, exists. Then

Tn-1

2
X _
Ty, = for n>1 = z,r,.1 = ’51+1f0r n>1

2 Ln-1

x? L?
= lim(x,x,-1) =lim"T_1+1 — [’ = 7+1=>L2 =2

as limz,_; =limz, = L. Therefore L =v/2 or L = —/2.

xg =2>0and if z,, >0 then x,,1 = x,/2+1/z, >0+0 = 0. Hence by induction x, >0
for all n > 0. Tt follows that L =limz, > 0. We conclude that the limit is /2.

b. In part (a) we proved that z,, > 0 for all n > 0. Therefore {z,} is bounded from
below.

Now we will show by induction on n that V2 < Zpar < xp, for all n > 0.

e Let n=0. Since o =2, 71 = 3/2, and 22 = 9/4 > 2, we have \/2 <1, < 7g.

e Let n>0 and assume that /2 < 2,41 < Z,,. Then

2
) 1 Tiq—2
Tp+1l — Tp42 = - = >0
2 Tn+1 2xn+1

and hence x,.5 < x,,1. On the other hand,

2 2
JETPOND S TS S P Tue =2 >0
2 2 Tnt1 2CU77,+1

and since ,,9 >0, we have x,,5 > V2.

Therefore the sequence is decreasing.

Since the sequence is bounded from below and decreasing, we conclude that it
converges by the Monotonic Sequence Theorem. [
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5. We have a 1/nx1/n square for each positive integer n. For each of (a-c), determine whether
it is possible or not to place these squares in the xy-plane in such a way that they completely
cover the given set.

12 1/3 1/4 D

1 1/2 1/3 1/4

a. The entire xy-plane
b. The line defined by the equation y =z

c. The region between the graph of y = e™® and the x-axis for z >0

Solution: a. The sum of the areas of the squares is Z — - This series is convergent
n=1

as it is the p-series with p =2 > 1. (In fact, its sum is 72/6.) On the other hand,
the entire plane has infinite area. Hence it is not possible to cover the entire plane
using these squares.

b. We place the odd-numbered squares along the half of the line lying in the first
quadrant and the even—numbered ones along the half lying in the third quadrant
[ee] [e o] 2

as shown in the figure. As —=oo and — =00, the
8 kl% kal sz 17 &2k

entire line is covered by the squares.

c. We place the squares along the positive z-axis as shown in the figure. Then the

squares extend along the entire positive axis as Z =00, On the other hand, by
n=1T
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the Integral Test Inequality we have

1 1 1 n+l
1+—+—+---+—>f d—len(nJrl)
2 3 n 1 x

for all n > 1. (This inequality can be obtained by comparing the area covered by
rectangles erected on the unit intervals along the interval [1,n + 1] with upper left
corners on the graph of y = 1/x and the area under the graph on this interval.)

Hence
et < 6—(1+1/2+1/3+u~+1/n) < 1
n+1
no1 n+l
for Z z <z < Z — for all » > 0. In other words, the top side of the nth rectangle
k=1

never lies lovver than the graph of y = e=*. Therefore we can cover the region between
the graph of y = e* and the positive x-axis with the squares.

)

6. For each of the series in (a-d), determine whether there exists a positive integer n such that
the nth partial sum s,, of the series satisfies the condition 2014 < s,, < 2015.

> 1 . 2999
a. ;27 b. 7;5 c. Z (3000)

d. Y

n=1

S|

Solution: Note that all terms of these series are positive, and therefore, their partial
sums form increasing sequences. This will be used repeatedly in the following.

a. We have w1 e q 12
P - 1<2014
PRI TR

k= 1

for all n > 1, where we used the geometric series sum formula, and hence there are
no partial sums lying between 2014 and 2015.

b. This time we have

n 4
= > 5% <Y 5F =5+ 25+ 125+ 625 = 780 < 2014
k=1 k=1
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for n <4, and
n 5
Sn= Y. 5" >3 58 =5+25+ 125+ 625 + 3125 = 3905 > 2015
k=1 k=1

for n > 5. Therefore no s, lies between 2014 and 2015.

c. Every term of this series is between 0 and 1, hence its partial sums increase in
steps smaller than 1 starting with s; = 2999/3000 < 2014. Moreover,

=2999 > 2015

i 2999 n_ 2999/3000
3000/  1-2999/3000

n=1

by the geometric series sum formula. Hence there is at least one partial sum s,
satisfying the condition 2014 < s,, < 2015.

d. The same reasoning as in part (c) works, this time with the observation that

ilzoo>2015,

n=1

to give the existence of at least one partial sum s, satisfying the condition 2014 <
Sp < 2015. O

7. Determine whether each of the following series converges or diverges.

(o] [ee] 1 [e o)
a. (24 -2 b. > r r;n c. Y (-1t cos(z)
n=1 n=2 3 n=1 n
@ 0 1 @, 5n - on
d - —_— f.
,;n! © r;n+\/ﬁsinn ,;7”—6”
kad 1 = sinn
_ h.
& Znlnnln(lnn) 1; n?
Solution: a. We have s, =y (21/F —21/(k+D)) = S ol/k _ §™ ol/(k+d) = o _ gl/(n+])
k=1 k=1 k=1

Hence lim s, = 1. Therefore the series converges and Y. (24" - 2"y =1,

n—o00
n=1

b. We have a,, =nlnn/3" and

g [l (DI )/3mt 1 nel o In(n+ )
P n—oo0 |CLn| n—o0 nlnn/Sn 3 nooo p - 00 lnn
1 1 1) "1 1 1) 1 1
:_111H1Mé_hnl /(x+ ):_.1:_.
T—>00 Inx 3 zoo 1/37 3 3

n

Inn .
— converges by the Ratio Test.

Since p =1/3 <1, the series ) 3
n=2
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c. Since a, = (-1)"*'cos(n/n), we have l|a,|=cos(n/n) for n > 2, and
lim |a,| = lim cos(m/n) =cos0=1. Therefore lim a, # 0, and the series diverges
by the nth Term Test.

d. We have a, =n"/n! and

1)n+ 1)! 1Y’
p= hmM_l (n+ 1) /(n+1) zlim(1+—) =e.

n— o0 |an| n—><>o nn/nl n—oo0

n

gy}
Since p=e > 1, the series Z - diverges by the Ratio Test.
n=1 T

e. We observe that

I - lim 1/(n+\/ﬁsmn)_1 1' _
n—oco 1/n n—><x>1+Slnn 1+0

NG

Since 0 < L < oo and the harmonic series Z — diverges, we conclude that the series
n=1

d 1

Z ——— diverges by the Limit Comparison Test.

Zin++/nsinn

f.  The geometric series Y (5/7)" converges as r = 5/7 = |r| = 5/7 < 1. We also

n=1
(5 - 2m) /(77 - 6m) 1-(2/5)" 1-0
have L = 1 - lin
WEE TR 5n[7n nmeo 1— (6/7)"  1-0

°°5TL n

series Z

=1. Since 0 < L < oo, the

— converges by the Limit Comparison Test.

g. Since Inz is an increasing function on (0,00), In(Inx) is an increasing function
on (1,00). Both Inz and In(Ilnz) are positive on [3,00). Therefore zInzIn(lnz) is
positive and increasing on [3, 00) as it is the product of three positive and increasing
functions. This in turn implies that 1/(zInzIn(Inz)) is a positive and decreasing
function on [3,00). Since it is also continuous, we can apply the Integral Test. The

improper integral
foo dl' ~ [oo d_u
3 zlnrln(lnz)  Jmms) u

diverges, Where we used the change of variable u = In(Inx),du = dz/(z1Inz). Hence
1

the series Z m diverges.
1+
h. Consider the series Z ﬂ. Since 0 < 1 +sinn <2 for n > 1, we have
n=1 n
1+sinn 2 =1
< ——— < — forn>1. The p-series Z - converges as p = 2 > 1. Therefore

n n

123



2 1+sinn
converges. Then the series Z —
n

2
n?

1
n2

WK

o0
the series Z =2
n=1 1 n n=1

n
> 1+sinn

converges by the

> 1
Direct Comparison Test. Since both Z ——— and Z —; converge, the series
n —=n

n=1

> sinn
Z ——, which is their difference, also converges.

)
n=1 TL2

Remark: Other tests can be used too. Here are some examples:

In part (a), the Limit Comparison Test with the series ) — also works.
n=1

In part (b), the Limit Comparison Test with the geometric series Z on also works.

n=1
(n)™ 1
In part (d), the Root Test also works where we use the fact that lim — =—.
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Remark: The following was a bonus problem on Moodle in Spring 2010 Math 102 course.

Problem K: In class we showed that 0.12 = 0.121212. .. = 12/99 as an application
of the geometric series.

We learn the following trick in elementary school: If z =0.121212. .., then 100z =
12.121212. . .; their difference gives 99x = 12 and therefore z = 12/99. Of course
when we see this in elementary school, no one talks about convergence.

That is what we are going to do in this problem. We will forget about convergence
as we know it, and take a trip to Tersonia.

In Tersonia after they teach the students about integers and rational numbers,
they come to the decimal representations of numbers. As you know our decimal
expansions have the form

:l:dndn_l RN dgdldo.d_ld_z R

where each d; is in {0,1,...,9}. We can have infinitely many nonzero digits after
the decimal point, but we must have only finitely many nonzero digits before the
decimal point. In Tersonia they do just the opposite. Their decimal expansions
have the form

o tstotitot yto. .t

where each t; is in {0,1,...,9}. Note that there is no minus sign. They can have
infinitely many nonzero digits before the decimal point, but they can only have
finitely many digits after the decimal point.

Take a few minutes to convince yourself that Tersonians can add and multiply
their decimal expansions just like we do.

Why no minus sign? Well, because Tersonians don’t need it. “Negative” numbers
are already there. For instance, consider the number y = 12.0 = ...121212.0.
Then 100y = ...121200.0 and -99y = 12. Therefore y = -12/99. So in fact 12.0

is a “negative” number.

Here are some problems from Tersonian Elementary School Mathematics Book:
1 1 1

a. —=7 b. -=7 c. -=7 d. -1=7
2 3 7

e. Find two nonzero numbers A and B such that AB =0.

Part (e) was later turned into a programming challenge. A Java applet that computes
the last n digits of A and B when their last digits are given can be found at
http://www.fen.bilkent.edu.tr/ otekman/calc2/ters.html.

125



8. Determine the smallest of the real numbers A, B, C, D, E where :

(- 1)” S (= 1)”*1 L o (=D
B = _— D = B — E =
=25 2oy Ok 2z P lm@n
Solution: Firstly we have
_i(—1)n_i(—1)”_ 12
a0 2" a0\ 2 1-(-1/2) 3
by the geometric series sum formula. Next we observe that
> 1 1 1 1 2 1 2 3 2
=y —>— == d D=) —>-+—=+—==
Lo ytapty ety ™ Z 373233
as all the remaining terms of these series are positive. Finally,
< (-1)n 1 8 2 & 1)”+1 1 1 2
E= >l-——=—->— <l-—=+—==-
Z3”(2n+1) 3-3 9 3 Z: 213 3

by the Alternating Series Estimate, which can be applied to these series as {1/(3" -
(2n+1))}>, and {1/nl}22, are decreasing sequences with limit 0.

Hence C' is the smallest. O]

Remark: One can also observe that B=1n2, C'=1-1/e, D =3/4, and E = 7/(2V/3) as

In(l+z)= Z(—l)”*lm— for —1<x<1,
- n

Z—| for all x,
x d 1 d & >
T —r— = L ¢ <1, and
T T T dm,;)x nz::lnx or |r|<1,an
x2n+1
arctanr = Z( )” for |z|<1.

Therefore, C < A< B<D<E.
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n

9. Consider f(z) = Z 5”(n—2+1)
4
a. Show that 3 < f(3) < 5

4
b. Show that % <f(-3)< rh

Solution: a. We have:

3 32 343 4

3
f3) = Z5n( 2+1) 52755 250 3
and:
3 (o) 3n
1 - —
f(3) = Z5n(n2+1) +5.2+;5n(n2+1)
JB 1T R3 13 1 (3/5)° 37 3
10 5,725 10 5 1- 3/5 25 2
b. We have
3 32 193 4
-3 -1)" <l-
and

3n 3 32 33 469 3
3 " >1- 4
f(=3) = Z( 1) 57(n?+1) 5.2+52.5 5%-10 625 4

3\ 1 "
by the Alternate Series Estimate as {(3) e 1} is a decreasing sequence and
n
n=0

3" 1
lim 2] -——=0. O
nzﬁa(g) R

oo (_4)11

10. Determine whether the sum of the series _
nl(n+1)!

is positive or negative.

4n
Solution: Let b, = ——— for n > 0. Then:
n!(n+1)!

e b, >0 for all n>0.

47L n
e limb, = lim ———— = lim — - lim =0 as both limits are 0, the first

one being one of the “ Useful Limits”.

qn 4n+1

o b,>b, 1 — > — (n+2)(n+1)24<=n>1.

nl(n+1)! ~ (n+1)(n+2)!
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Therefore the series satisfies the conditions of the Alternating Series Test. In
particular, it converges. Moreover,

o (—4)n 442 p g 4 4 4
S = -1- _ =194y
D e R T R TR R 379755
—_—

s3=—1/9 by

and, by the Alternating Series Estimate, |S — s3] < bs. In other words, |S - (-1/9)| <
1/45, and S is negative.

Remark: in'g 4)1)' is —J1(4) where J;(z) = nzo( 2)'27(;6121)),%

the first kind of order 1, and its value is approximately —0.03302166401.

is the Bessel function of

0.3 T

0.2
y =—=J (x

y=75J,x)
0.1 —
0
| 10
X
-0.1
-0.2
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11. Find the radius of convergence of the power series »  (-1)"

ITL

(2 +1)(n?2+1)

n=0

Solution: We will give two different solutions.

Solution 1: Here we will use the Ratio Test.

xn

We have a,, = (-1)" S an

d

$n+1

(21 + 1) ((n+1)%2+ 1)‘

I

= lim
n—oo xn
—-1)n
‘( ) (27 +1)(n?+1)
|ZL‘|"+1
- im 21 +1)((n+1)2+1)
e of"
(2 +1)(n%2+1)
_ 1+2™ n?+1
= lim : ||
nooo \ 2427 (n+1)2+1

Nt

7 .
If |x| < 2, then p = |z|/2 < 1 and the power series converges absolutely by the Ratio

Test. On the other hand, if |z| > 2, then p = |z|/2 > 1 and the power series diverges
by the Ratio Test.

It follows by the definition of the radius of convergence that R =2.

Solution 3: Here we will use the radius of convergence formulas.

(="

We have ¢, = @) (Ze D)’ and the radius of convergence formula gives
. n+1 1 2 1
1 el (@ D (121 1))
R nooo e, nooe 1/((27+1)(n%2+1))
I 1+2™m n?+1 1
= lim : ==
n>eo\2427 (n+1)2+1) 2
Therefore R = 2. [
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l.2n+1

12. Consider the power series nz:[:](—l)” @+ D2+ )

a. Find the radius of convergence of the power series.

b. Determine whether the power series converges or diverges at the right endpoint of its
interval of convergence.

c. Determine whether the power series converges or diverges at the left endpoint of its
interval of convergence.

x2n+1

Solution: a. We have a,, = (-1)" @ (1) and
m n

p = lim |a,|""
n—oo

y |2+ n
Tabe \ (204 1)(n2 + 1)

- lim [ - o]/

n—oo 2. (]_ + 2—n)1/n .nl/n. (1 + n—2)1/n
Ny

2

If |z| < V2, then p = |2[2/2 < 1 and the power series converges absolutely by the
Root Test; and if |z > /2, then p = |2[2/2 > 1 and the power series diverges by the
Root Test. Therefore R = /2

b. At x =2 we have

x2n+1

oo . . (ﬂ)zml
LD G yeE D HZO( V' G Doz

2”
= V2 Z( V' e

27L
Consider the corresponding absolute value series Z .2 +1) ( ) Since
n n

2n 1
< @ D)2+ 1) <3 for all n > 1 and the p-series Z— with p=2>1

converges Z 2"
8 Loy (2 + 1)
the power series at = = \/2 converges absolutely by the Absolute Convergence Test.

n=1T

converges by the Direct Comparison Test; and then

c. At z=-V2 we have

$2n+1

) . . (_\/§)Qn+1

L) G DD nZO( V' @ n0EeD)

— n+1 2n
Z 1) (2 +1)(n?2+1)
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This is just —1 times the series we considered in part (b), and therefore it converges
absolutely. O]

13. Determine the radius of convergence and the interval of convergence of the power series

>
3n+(-1)m+1

n=0

Also determine the type of convergence at each point of the interval of convergence.

1
3n+(-1)»+1’

1 el GG (D) 3 (<L)

Solution: As ¢, = the formulas for the radius of convergence gives

= =1.

R L Grr () 3 3 (-1)"2n
Therefore R =1. Hence we have absolute convergence for |z| < 1 and divergence for
|z| > 1.

At 2 =1 we have

oo Tn <) 1
7;) 3n+ (-1)m+! N nz:;) 3n+ (=1)n+1

Since

—_1)\n+1
T LGl G 0 L) BT S
N— 00 1/n n—oo 3+ (_1)n+1/n 3

> 1
is a positive real number and the harmonic series Z — diverges, the power series
n=1T

diverges by the Limit Comparison Test at z =1.

At 2 = -1 we have

oo [ee]

" ~ (-1)»

1

Let up = ———+—.
e 3n+ (-1)m+!

1. Uy, >0foralln>1.

" 30+ (—1)n
1. 0<3n+(-1)"1 <3n+1<3n+2<3(n+1)+(-1)"2 for all n > 1. Hence
Up > Upey Tor > 1.

i, i%“nzil@om =0,

oo _1 n
It follows that the series Z (-1)

2 m converges by the Alternating Series Test.

il 1
Its absolute value series is the same as the series 1+ Z ———— and we showed
= 3n+ (-1)m+t

that this series diverges. Hence the power series converges conditionally at z = -1.
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To summarize, the radius of convergence is R = 1, the interval of convergence
is [-1,1), the power series converges absolutely at every point of (-1,1), and it
converges conditionally at x = -1. O

® 1.3.-5----(2n -1
14. Consider the power series f(x)=1+z 2.4-G ((T; )) "

n=1

a. Show that the radius of convergence of the power series is R = 1.

b.  Determine the behavior of this power series at the endpoints of its interval of
convergence.

c. Show that 2(1-z)f'(x) = f(z) for |z| < 1.

d. Solve this differential equation to show that f(x) =

1
for |z| < 1.
Vi-z i
. 001_3.5.....(2n—1) g2+l
arcsmx_x+z 2:4-6----(2n) 2n+1

n=1

e. Show that

for |z| < 1.

1-3-5. (2 =1
Solution: a. We have ¢, = 35 (2n-1) for n > 1. We use the radius of
2:4-6---(2n)

convergence formula

1:3:5--(2n-1)(2n+1)

. enst] 2:4-6--(2n)(2n +2) . 2n+1
—=1 =1 =1 =1
R nbee Jo| noee  1:3:5-(2n-1) it 271 2
2-4-6----(2n)
to obtain R=1.
b. Atz=1 ehaetheseries1+i1.3.5“m(2n_1) Since
. =1 we hav :
0 2.4-6----(2n)
1-3-5---(2n-1) 3 5 2n-1 1 S 1
2:4-6---(2n) 2 4 2n—-2 2n  2n

for n > 1 and the harmonic series Z — diverges, we conclude that the series at x =1
n=1 T

diverges by the Direct Comparison Test.

3-5--(2n-1) it
2-4-6----(2n)

— 1
At z = -1 we obtain the alternating series 1+ ) (-1)"

n=1

Up, = . We have (¢) u, >0 for all n > 0, and we also have (7)
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Uy > Upyp for all n >0 as u,/un = (2n+2)/(2n+1) > 1 for n > 0. On the other
hand,

, 1223252 (2n-1)2 1:3 3.5 (2n-3)2n-1) 20-1 1 1

T TR e (202 22 (2n - 2)? o0 2n . 2n

for n > 1. Therefore 0 < u, < 1/v/2n for n > 1, and the Sandwich Theorem gives
(222) lim u,, = 0. We conclude that the series at x = —1 converges by the Alternating

Series Test. The convergence is conditional as we have already seen that the absolute
value series diverges.

c. For |z| <1 we have

©1-3-5--(2n-1)
f(x)_l"'z 2,4.6.....(2n)

n=1

Differentiating this we get

) _1 00 135(2n—1)

for |z| < 1. Therefore

20f/(2) éii EiZ 5
and o SCIESI
2@ =1 e S T

for |x| < 1. Taking the difference of these two, we obtain

A1-a)f (o) =1+ gas 5 ST (B ) o
e e FE ¥
1. % +§:21-23;l56--(2(r;n)1)
. +§>:1 1- ; (2(712”)1)
= f(x)

for |z| < 1.
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d. For |z|<1,

! 1
21 -2)f(0) = (o) — T = s
— In|f(z)| = —%ln|1 —z|+ C for some constant C'
— f(z) = - for some constant A .
-

Now substituting = =0 gives 1 = f(0) = A. Therefore, f(x) =

for |z| < 1.

1
vVi-zx

e. We have

1-3-5-—-(2n-1)
x
122 S 2.4-6-----(2n)

for |22| < 1. Integrating this we obtain

. < 1.3.5 - (2n-1) 27+
arcsmx:x+z . +
2.4.6--(2n) 2n+1

n=1

for |z| < 1. Substituting = =0 gives 0 = arcsin0 = C, and hence C' = 0. Thus

arest +i1.3.5.....(2n_1) p2n+l
ICSINT =T .
2:-4-6--(2n) 2n+1

n=1

for |z|< 1.

Remark: It can be shown that

1

1-=x

© 1.3:5--(2n—-1)
-1 n
+n; 2.4-6--(2n)

for -1<x <1, and
' 001_3,5.....(2n—1) g2+l
arcs1na:_:v+z 2-4-6-----(2n) '2n+1

n=1

for |z| < 1.
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o) 20 -1 3n+l
15. Consider the power series Z % .

n=1

a. Find the radius of convergence of the power series.

b. Find the sum of the power series explicitly.

02z — 1)+

Solution: a. a, =

gives

L |(7”L + 1)(23: _ 1)3(n+1)+1/5n+1|

b In(2z — 1)3+1 /57|
on+l 2r-1p

= lim .

2z -1

-

If 2z - 1P2/5 < 1, then p < 1 and the series converges by the Ratio Test; and
if |2 - 12/5 > 1, then p > 1 and the series diverges by the Ratio Test. Since

1| /5

z-5 < 5 it follows that the radius of convergence of the

power series is R = v/5/2.

22— 1P/5 < 1 <>

b. We know that .

1-z

n=0
for |z| < 1. Differentiating this we obtain

i nz" ! = 1
n=t (1-z)

for |z| < 1. Now we replace x with (22 —1)3/5 to get

i n(2x -1)3-1) 1
n=1 5nt (1 _(22-1)° )2

)
for |(22 —1)3/5| < 1. Finally we multiply by (2 —1)*/5 to obtain

& n(2x —1)3n+t _ (22 -1)*/5 5 (2z-1)*

n; 5 X (22 - 1)3 271 (423 — 622 + 3z - 3)2
5)
for |z - 1/2| < V/5/2. O
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16. Consider the function defined by:

oo xn
fx) = nZ:% nlon(n-1)/2
a. Find the domain of f.

b. Evaluate the limit lim M .
z—-0 1 —cosx

c. Show that f(2)<e+ g .
d. Show that f(-2)<0.

Solution: a. Since ¢, = the radius of convergence formula gives

n!on(n-1)/27

1 1 1 !2(n+l)n/2
- 1 |Cn+1| — 1 /((n + ) ) — hm —
R noe e | neee 1/(nl20GeDR2) T anes (i 1)20

Therefore R = oo. This means that the domain of f is (-0, 00).

b. Using
oo xn 1‘2 1'3
J@) =2 e = g g
we obtain
xQ :L‘3 2 5(13
l+x+—=+ + e l+z2+ —+—
f(2) e 22 23 27
lim = lim
=0 1 —cosx a—=0 1-[1 a?
I TR TR
= lim —2 48 = lim -4 48
z—0 1 9 1 4 $—>01 1 2
-4 - —2x - = — I+
2 24 2 24
1
__a_ 1
-1 9
2
c. We have

T@) = 2 osmeme = Znrgemr = L2 5t 5 L et

On the other hand,
<01
Z—-1+1+§+—+Z

= n!
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1

Since n(n —3) > 0 for n > 4, we have o < for n > 4. Hence
ad 1 1 3
;W < r;lﬁ . Therefore, f(2) —e< 5 .
d. This time we have
S (=2
f( ) Z n| on(n-1)/2
) i (-1
= n! 2n(n- 3)/2
2 & (-1
=1-2+ 5 + Z W
£ (1
— n! on(n-3)/2
R 1 1
ERETIE 2 IV TR S T
As (n+1)2"1 > 1forn >3, we have - L + L <0forn>3
s (n orn >3, we have —— oy (7 1)1 260G orn >
1 1 5
too. Therefore, f(-2) < -—=+ ——=-—<0. O

31 22.4! 32

2
17. Estimate f e dr with error less than 0.01.
0

Solution: We have

22
e“=1+x+—+--
2!
for all z. Therefore,
o
e =1-12 +§+

for all , and integration gives

4+ — 4+ ..

2n

nZ
c+ (—1) F + e

2 3 5 2n+1
foeIQdac:2—%+22!—5+ +(—1)"m+
2n+1
Let u,, = m Then:
92n+1
1. un=m>0fora]1n20.

. 2n2-3n-1>0forn>2 = (n+1)(2n+1) > 22(2n + 1) for n > 2. Hence

Uy, > Upey for n>2.

4n 2
lim =0.
nsoo \ ! 2n + 1

222, lim wu,, =

n—>o00
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The series satisfies the conditions of Alternating Series Test for n > 2. Since 223/(23-
11!1) = 32768/3586275 ~ 0.009 < 0.01, it follows by the Alternating Series Estimate
that the sum

2 23 25 219 221 12223758182
f RO e ~ 0.89
0 3 25 9119  10'21 13749310575
2
approximates / e dz with error less than 0.01. Il
0
1

18. Find the exact value of nz% m )
Solution: On one hand we have

< 1 = (1/4)" (172> & (1/2)
;04“(2%1) on+1 Z on+1 =2,

n=0 n=0 n=0 2n+1
123 1/2)5
5
On the other hand we have
o0 o 22 3 ph b
In(l+xz) = S
n(l+x) ,;() n 273 45

for -1 <x < 1. In particular, x = 1/2 gives

m(%) ) 1n(1 . 1) G222 )t a2y
2 2 2

3 4 5
and x = -1/2 gives

m(l) _ 1n(1 ) 1) B €Y €Y ) O CT L T
2 2 2 3 4 )

Therefore

=1 3 1
— — w(2)-m(z)=m3.
2 @) H(Q) n(z) n
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PART 4: VECTOR ANALYSIS

1. Find the value of the line integral

§l§(3x2y2 +y)dx + 223y dy
c

where C'is the cardioid 7 = 1 + cos § parameterized counterclockwise.

Solution: We use the Green’s Theorem

%de+Ndy ﬂ(a—N—a—M)dA

where R is the region enclosed by the simple closed curve C'. Therefore

M

——
%(3x2y2+y) dm+2xydy [f( (2x y)— y(3x2y2+y))dA
zf 6:c y— (6x y+1))dA
R

- ff dA
R
27 1+cos@
——/ / rdrdf
0 0

27 [ .2 qT=1+cos 6
L
0 2 r=0

1 27
:—§f (1+2cosf +cos? ) db
0

27
=—1 (1+20039+1+C2ﬁ)d0
0

Remark We used the Circulation-Curl Form of the Green’s Theorem, but the computation is
exactly the same with the Fluz-Divergence Form:

%Mdy Ndz = f/(a—M+a—N)dA
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In fact, when expressed in terms of components and coordinates, both forms of the Green’s
Theorem can be summarized and most easily remembered as

o f

where w = Adx + Bdy is a differential form and dw = dAdx + dBdy. The multiplication of

differentials here is as described in the Remark following Example 39 in Part 2. Indeed, if
w =M dx + N dy, then

M M N N
dw=dex+dey=(a—dx+a—dy)dx+(a—dx+a—dy)dy

ox dy ox Jy
oM ON oM ON ON OM
I e+ Y drdy = - L drdy+ L dedy = |22 - ) drd
8yy$+8xxy aymeraxxy (8x (?y)gcy7

and if w = M dy — N dx, then

dwzd]Wdy—demz(%—deJraa—Mdy)dy—(%—Ndvaa—Ndy)dm
x

x y Ay
oM ON oM ON oM ON

where we used drdx =0 = dydy and dydx = —dx dy. Unlike in the case of change of variables,
now we must always get a dr dy under the double integral and we must not get rid of the sign.

2. Evaluate 51§F -dr where
c

-y . x .
F= i+
422+ 92 dx? 1927
and C'is the unit circle parametrized in the counterclockwise direction.

Solution: Observe that

0 x 0 -y
curlF=—|———— |- —|——
Oxr \4z2+9y?) Oy \4x? + 9y?
~ 1 8x? . 1 18y2 0
S 4a2+9y2 (4x2+9y2)2  4a? + 9y da?+9y?
at all points (x,y) # (0,0).

Consider Cy : r = (cost)/2i+ (sint)/3j, 0 < ¢t < 27w, the counterclockwise
parametrization of the ellipse 422 + 9y? = 1. Let R be the region lying inside the
unit circle and outside this ellipse.

Since curl F =0 at all points of R, [[ curl F dA =0. Therefore by the generalized
R

Green’s Theorem,

_ dp = ¢y ZYdrrady
%Fdr—égF d 31% Tp
_ ft=27f —(sint)/3 d((cost)/2) + (cost)/2 d((sint)/3)

=0 cos?t +sin’t

1 2w

1
Zoog=2
6 Jo 6 3
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0=
L

|
=
|

|
0=
S

3. Find the surface area of the parameterized torus

r=(a+bcosu)cosvi+ (a+bcosu)sinvj+bsinuk,

0<u<2m, 0<v<2m, where 0 < b < a are constants.

Solution: We have:

r, = —-bsinucosvi-bsinusinvj+bcosuk

r, =—(a+bcosu)sinvi+ (a+bcosu)cosvj

r, xr, =-b(a+bcosu)cosvcosui-b(a+bcosu)sinvcosuj—b(a+bcosu)sinuk

I, x 1| = b(a + beosu)(cos? v cos? u + sin? v cos? u + sin® u) /2 = b(a + beosu)

Therefore

Surface Area = /f v, xr,| dA = ff b(a+bcosu)dA
R R

2 2
zf f b(a+bcosu)dudv = ab-2m - 21 = 4m2ab
o Jo

where R = {(u,v):0<u <27 and 0 <v <27},
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4. Find the area of the portion S of the cylinder z? + y? = 2y that lies inside the sphere
24y’ 422 =4

Solution: Let F(z,y,2) = 22 +y?—2y. Then the cylinder is given by F(z,y,z) = 0.
We will use the projection to the yz-plane. This projection is 2-1 from the portion of
the cylinder inside the sphere to the region R given by the inequalities 0 < 2y < 4— 22
in the yz-plane, and by symmetry

Surface Area of S = 2[[ [VF]
[VE pl

where p =i. We have

VE =2xi+ (2y-2)j
IVF| = (422 + (2y - 2)*)Y? = (42 + 49> -8y +4)/? =2 on S
VF -p=VF-i=2x

and therefore

Surface Area=2// [VF ff—dA 2ﬂ—dA
R |VF-p| |22 |z
:2[/%@4 as x| =v\/2y-y?>on S
Y-y

2, fmmd”@ 22
:4-@[0 ﬁdy:m.m:m.
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5. Consider the parametrized surface S :r = u2i + V2uvj + v2k, 00 <4 < 00,0 < v < 0o. Find
the area of the portion of the surface S that lies inside the unit ball 22 + 3% + 22 < 1.

Solution: We have = = 42, y = V2uv and z = v2 on the surface. Therefore,
22+ 12+ 22 <1 means (u2)2+ (v/2uv)? + (v?2)2 < 1. In other words, (u2 +v2?)2< 1, or
u? +v? < 1. Hence the part of the surface lying inside the sphere is the image of the
region R, the upper half of the unit disk, in the uv-plane.

To compute the surface area we first compute:

r, =2ui+ \/§vj
r, = \/§uj + 2vk
ruxTy, = 2/20%1 — duvj + 2v2u2k
ey xr,| = ((2v/20%)2 + (4uv)? + (2V2u®)2) 2 = 2v/2(u? + v?)

Therefore,

Surface Area = [[ vy xry,| dudv
R
= 2\/5ﬂ(1¢2 +v%) dudv
R

T 1
:2\/5[ f r?.rdrdf
o Jo
1 s
= — df
\/§fo
_ T

V2

where we used the polar coordinates in the uv-plane. O

Remark: There is a shorter way of solving this problem which does not use Calculus. The
given parametrization maps the upper half-uv-plane onto the half-cone given by the equation
y? = 2xz, and the conditions > 0 and z > 0 in a one-to-one manner (except on the u-axis).
This half-cone has its vertex at the origin, its axis lies along the bisector of the positive z- and
z-axes, and it has an opening angle of 45°. The portion of this half-cone cut off by the unit
sphere is the lateral surface of a right cone with slant height ¢ = 1 and radius = 1/v/2, hence
with area 71f = 7/\/2.

143



6. Verify Stokes’s Theorem for the vector field F = yi+ zk and the surface S, where S is the
portion of the paraboloid z = x2+y? satisfying z < 3, with the unit normal vector field n pointing
away from the z-axis.

Solution: S is bounded by the curve C :r = V3costi- \/§sintj +3k, 0<t <27,
Note that this parametrization is consistent with the direction of n. The circulation
of F around C is

%F-dr= %(yi+zk)~(dmi+dyj+dzk)
C C_QF
_ ftt_ (—v/3sinti+3K)- (d(v/3cost)i+d(—v/3sint)j +d(3) k)

=0

27 27
= f (-V/3sint)(-V3sint) dt = 3[ sintdt = 3
0 0

On the other hand, the paraboloid is a level surface of f(x,y,z) =z - 2% — 32, and
Vf =-2xi-2yj+k points in the opposite direction to n, so we will choose the
minus sign from + in the flux integral. The projection of S into the xy-plane is the

disk R = {(x,y) : 22+ y? < 3}. Finally,

i j k

g o0 0
VXF—% a_y &——k.

y 0 =z

The flux of V x F across S is

[/(vxF ndo= /fF 11:va|
:/fR(—k)-(QxHQyj—k)dA
=fRdA=AreaofR=7r(\/§)2:37r.

Hencef (VxF)'nda=?§F~dr. O
S e}

7. Verify Divergence Theorem for the vector field F = xzi+ yzj + 23k and the region D =
{(z,y,2) 22 +y> +22<4}.

Solution: V-F =0(x2)/0x +0(yz)/0y + 0(23)/0z = 2+ 2+ 322 =22+ 322, and

ffva-dez [[D(2z+322)dv

2 s 2
) / f f (2pcos ¢ + 3p? cos” @) p?sin ¢ dp dep df
o Jo Jo
2m T 96
= f f (8608¢+ — cos? @) sin ¢ dedf
0 Jo
64 1287T

N Bl
5 Jo 5
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To compute the outward flux through the sphere S = {(x,y,2) : 22 +y?+ 22 =4}, we
divide it as the upper hemisphere S; = {(z,y,2) : 22+ 3%+ 22 =4 and x > 0} and the
lower hemisphere Sy = {(x,y,2) : 2 + y? + 22 =4 and x < 0}, and project both onto
the disk R = {(x,y) : 22 + y?> <4} in the zy-plane.

The sphere is a level surface of f(x,y,2) =22 +y?2+22. Vf=2xi+2yj+2zk points
in the same direction as n, the outward pointing unit normal vector field on S, so

we will choose the plus sign from + in the flux integral.

For the upper hemisphere we have

/le ndo = ffF |JVV~’;|

2 2 22k
[/(xz1+yzj+z3k) it y_]+ “X dA

:/f]%(x+y+z

- [ @yt (4-a? -y da

2 2
:[ / (r? + (4=r2)32)rdrdb
o Jo

2w
= [ 4+ —)de g+ AT
0

A similar computation for the lower hemisphere gives

f F- nda——87r+64—7r.
So 5

Therefore

f F-nda=/ F-nda+/ F-ndo
S Sa

—(87T+—)+( 87T+64—7T)—%,

and ffpnda:ff v-FdV. 0
S D
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